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S olids-flux analysis is a major element in 
the design and analysis of activated 
sludge wastewater treatment systems. 

The goals of the analysis are: 

• To select the allowable concentration of 
mixed liquor suspended solids (MLSS); 

• To determine the return sludge ratio; 
and, 

• To calculate the area required for the sec
ondary clarifiers. 

The analysis can be simplified by using curves 
that relate overflow rate, return ratio and MLSS 
concentration.1,2 These curves then can be ap
plied to a commonly used expression that de
scribes sludge properties in order to simplify 
analysis and system design.3 

The method used to implement solids-flux 
analysis involves examining the effects of 
sludge settling properties and the underflow 
velocity on the ability of the second clarifier to 
transport solids to the bottom. Procedures de
veloped in the United States and South Africa 
can be used to simplify the analysis. 

Analysis of 
Solids-Flux Curves 
Solids are transported to the bottom of a secon
dary clarifier by two mechanisms: 

• Differential settling because of density 
. differences between solids and water; 
and, 

• Bulk transport from sludge withdrawal. 
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EQUATION 1 

Gs =XVs 

where: 
Gs= The gravity flux (kg/m2d) 
X = The sludge concentration (g/L) 
Vs= The settling velocity of the sludge at 

concentration X (m/d) 

EQUATION 2 

Cb =XVb 

where: 

Cb= The bulk flux (kg/m2d) 
Vb= The underflow velocity (m/d) 

EQUATION 3 

Gt= Gs+ Cb 

where: 

Gt= The total flux (kg/m2d) 

EQUATION 4 

Vs= ax-n 

EQUATION 5 

Vs= Vo e-KX 

The flux from density differences, termed the 
gravity flux, is the product of the solids concen
tration and the settling velocity at the solids 
concentration (see Equation 1). 

The flux caused by the withdrawal of sludge 
from the bottom of the clarifier is termed the 
bulk flux. The bulk flux is equal to the solids 
concentration times the underflow velocity (see 
Equation 2). 

The underflow velocity, which is caused by 
removal of sludge, is equal to the volumetric 
flow rate of return activated sludge, Qr, divided 
by the surface area, A. (The flow rate of waste 
activated sludge can be neglected, compared to 
the flow rate of return activated sludge.) 

The total flux of solids can be expressed as 
the sum of the two fluxes (see Equation 3). 
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Because of hindered settling, the settling ve
locity of sludge, Vs, decreases with increased 
concentration. Settling data can be described by 
the relationship described in Equation 4.4 In 
that equation, both a and n are constants. Equa
tion 4 has been called a log-log relationship 
because plots of Vs versus X produce a straight 
line on logarithmic paper.5 

Settling data can also be described by the 
relationship stated in Equation 5.6 In this equa
tion, V0 and K are both constants. This expres
sion has also been called a semi-log relationship 
because plots of the logarithm Vs versus X pro
duce a straight line.5 

Smollen and Ekama concluded that the 
semi-log equation fits experimental data better 
than the log-log equation.5 They found that 
linear regression analysis provided higher cor
relation coefficients, r2, with the semi-log equa
tion in 133 out of 149 data sets that they exam
ined (90 percent). 

The values for V0 and Kin the semi-log rela
tionship can be obtained from column tests.6-8 

Alternatively, these coefficients can be related 
to simpler tests, such as the sludge volume · 
index (SVI) test. There are several types of SVI 
tests, and there are diverse opinions about 
which SVI test provides the best correlation 
with settling in full-scale clarifiers. 

Daigger and Roper suggested the following 
values for V0 and K as a function of unstirred 
SVI:9 

Vo = 187.2 m/ d 

K = 0.148 + 0.0021 SVI 

In determining these values, the units of K were 
L/ g and the units of SVI were mL/ g. Daigger 
and Roper's studies were performed on acti
vated sludges from plants in Milwaukee. 

In 1995, Daigger extended the database to 
include 51 wastewater treatment plants, and 
developed these new correlations:3 

Vo= 155.9 m/ d 
K = 0.1646 + 0.001586 SVI 

Again, the units of K were L/ g and SVI were 
mL/g. 

The flux equations can be plotted as shown 
on Figure 1. For gravity flux, the curve is based 
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FIGURE 1. Solids-flux curves. 

on a relationship chosen to represent the vari
ation of settling velocity with solids concentra
tion. At low concentrations, the gravity flux 
(the product of settling velocity and solids con
centration) is low because the concentration is 
low. At high concentrations, the flux is again 
low because the settling velocity is low. 

Equation 2 for bulk flux plots as a straight 
line against sludge concentration, with a slope 
equal to the underflow velocity. The plot of total 
flux is the sum of the gravity and bulk fluxes, 
as shown on Figure 1. 

The plot of total flux in Figure 1 shows a 
maximum and a minimum. Points to the left of 
the maximum are not important because the 
concentration of solids in an aeration tank is 
greater than the concentration at the maximum 
of the curve. The most important point in the 
curve is the minimum because it shows the 
limiting solids flux for the clarifier. If solids are 
applied to the clarifier at a rate higher than the 
limiting flux, the sludge blanket will increase 
and the clarifier will fail. 

The limiting flux can be changed by varying 
the underflow velocity. (The gravity flux curve 
depends on the characteristics of the sludge 
mass in the aeration tanks, and cannot be read
ily changed on demand to change the bulk 
flux.) Figure 2 illustrates how varying the un
derflow -velocity changes the limiting flux. Up 
to a point, increasing underflow velocity in
creases the limiting flux. 

Applying the Gravity-Flux Curve 
Although the above process can be used to 
determine the operating parameters for a clari
fier, it is' somewhat tedious in its application. 
Dick and Ewing7 presented a procedure by 
Yoshioka et al.10 showing that a tangent drawn 
to the gravity-flux curve can be used to simplify 
analysis. 

The tangent drawn to a gravity-flux curve 
(see Figure 3) provides these critical items: 

• The total flux; 
• The limiting concentration; 
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FIGURE 2. Increasing bulk flux increases total flux. 

• The underflow velocity; and, 
• The underflow concentration. 

To evaluate varying operating conditions, 
tangents with varying slopes can be drawn, and 

EQUATION 6 

Ga = (Q; Xa (R+ 1 ))/A 

where: 

Ga= Applied flux (kg/m2d) 
Q; = Influent flow (m3/d) 
R = Return ratio (the ratio of return flow, Q,, 

to influent flow, Q;) 

A= Clarifier surface area (m2) 

Xo = MLSS applied to secondary clarifiers 
(g/L) 

EQUATION 7 

A = (Q; Xa (R+ 7 ))/Gt 
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the value of the MLSS concentration applied to 
the secondary clarifier (g/L), X0, as well as the 
value of G1 can be determined. The required 
clarifier area for thickening can be obtained by 
setting the applied flux equal to G1. The applied 
flux can be determined by Equation 6. If Ga is 
assumed to be equal to G1, then Equation 6 can 
be used to obtain the area required for the clari
fiers as shown by Equation 7. 

Alternative conditions can be examined by 
drawing a new tangent and repeating the cal
culation. This type of analysis would have to be 
repeated (with new curves drawn) to deter
mine the effects of various sludge properties on 
clarifier performance. ·· 

Applying Design & 
Operating Charts 
Daigger and Roper plotted design and operat
ing charts to further simplify the analysis.9 Us
ing. the semi-log relationship (see Equation 5) 
and substituting the values of 187.2 rn/ d for V0 

and 0.148 + 0.0021 SVI for K, they plotted grav-
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FIGURE 3. Variables determined from the tangent drawn to a gravity-flux curve. 

ity-flux curves for a range of unstirred SVIs. For 
each of these curves, they drew tangents to 
determine the solids loading rate, G1, the under
flow suspended solids concentration, Xu, and 
the underflow velocity, Vb. They then plotted a 
family of curves for varying SVIs on a plot of 
limiting flux versus underflow concentration. 
A set of these curves using Daigger's formula is 
shown in Figure 4.3 Because the limiting flux 
has to equal the product of the underflow con
centration times the underflow velocity, 
straight lines can be plotted to relate underflow 
velocity (Qr/A), underflow concentration, and 
limiting flux - which are also shown in Figure 4. 

With these design and operating charts, de
termining the area required for thickening in 
secondary clarifiers no longer requires drawing 
tangents to the gravity-flux curves once the 
curves have been prepared for appropriate re
lationships of V0, K and SVI. Design and oper
ating charts can also be prepared for other func
tions relating settling velocity to suspended 
solids concentration. 

Further Simplifying 
Solids-Flux Analysis 
Use of these design and operating charts sim
plifies the analysis, but an even simpler method 
is one based on procedures developed inde
pendently by Riddell et al.2 and Ekama et al.1 

They used the exponential equation (see Equa
tion 5) to describe the effect of solids concentra
tion on sludge interface settling velocity. 

However, they substituted equations for the 
graphical methods to determine the effects of 
clarifier underflow velocity on limiting solids 
flux and limiting solids concentration. Riddell 
et al. determined the limiting solids concentra
tion by taking the derivative of this form of the 
equation for total solids flux (see Equation 8).2 

EQUATION 8 

Gt= V0 Xe_-KX + XR Q/A 
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Ekama et al. examined the gravity-flux equa
tion for the exponential settling relationship using 
Equation 9.1 Ekama et al. developed mathematical 
relationships that recognized the properties of tan
gents drawn to the gravity-flux curve. 

The two groups of researchers produced 
different, but equivalent, equations relating 
overflow rate, return ratio and MLSS concen
tration entering the secondary clarifiers. 
Ekama et al. produced Equation 10.1 The value 
for a in Equation 10 is defined in Equation 11. 

Smollen and Ekama pointed out that Equation 
11 applies to the thickening criterion only, and a 

EQUATION 9 
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secondary clarifier must also meet the criterion 
for solids handling.5 The criterion for solids han
dling is met if the.overflow rate, QofA, does not 
exceed the initial settling velocity of the solids 
entering the secondary clarifiers (see Equation 
12). 

EQUATION 10 

V. (1 ) 
-K(1+R)X0 (1+o.) 

Q; = o +a e 2R 

A R(1-a) 

a= 

EQUATION 11 

4R 
1----

K(J + R)X0 
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FIGURE 5. Using solids-flux curves to determine clarifier size (given the value of unstirred 
.sv1 as 150 ml/g). 

Ekama et al. produced a family of curves of 
overflow rate versus return ratio for a range of 
MLSS values.1 Riddell et al. produced similar 
curves, but their ordinate was the inverse of the 
overflow rate, rather than overflow rate itself.2 

Although these curves are all for a sludge with 
a given settling property, other families of 
curves can be produced for sludges with differ
ent settling properties. 

A family of curves of overflow rate versus 
return ratio is shown in Figure 5 for sludge with 
an unstirred SVI of 150 mL/ g, using the values 
of155.9 m/d for V0 and 0.1646 + 0.001586 SVI 

EQUATION 12 

for K.3 Each curve shows the variation of allow
able overflow rate with return ratio for the in
dicated MLSS values. For each curve, the over
flow rate allowed increases with return ratio up 
to the initial settling velocity for the given 
MLSS. 

Application of Simplified Charts 
A chart is useful for the desim of new systems 
and for the analysis of existing systems. For a 
design example, a wastewater treatment plant 
has an influent flow of 4,000 m3 / d and MLSS 
of 3,000 mg/L. Return sludge flow i:ate is 1,200 
m3 / d, and the design unstirred SVI is 150 
mL/ g. The return ratio, Q/Qi, is 1,200 divided 
by 4,000, or 0.3. 

As can be noted from Figllre 5, thickening 
limits the allowable overflow rate to 31 m3 /m2d. 
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FIGURE 6. Using solids-flux curves to determine MLSS (given the value of unstirred SVI as 
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The required clarifier area is 4,000 divided by 
31, or 129 m2. The required clarifier size can be 
decreased by increasing the return ratio up to 
about 0.4. This increase would permit an over
flow rate of 47 m3 /m2d and would decrease the 
required surface area to 85 m2• There is no benefit 
to fur ther increasing the return ratio. 

To illustrate the use of the charts for analyz
ing plant operations, take an activated sludge 
plant having a secondary clarifier with a sur
face area, A, of 150 m2 and operating under the 
following conditions: 

Q; = 6,000 m3 / d 
Q, = 1,800 m3 / d 

· X0 = 3,000 mg/L 
· Unstirred SVI = 150 mL/ g 
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For these values, R is equal to 0.3, and Q/A 
is equal to 40 m3 /m2d. As canbe seen from 
Figure 6 (for unstirred SVI equal to 150 mL/ g), 
the allowable MLSS is about 2,700 mg/L rather 
than the 3,000 mg/L applied, indicating thatthe 
clarifier is overloaded. The problem can be cor
rected by decreasing the MLSS. Alternatively, 
the return ratio, R, can be increased to 0.4, as 
shown in Figure 6. 

These charts can also be used when estimating 
the capacity of a wastewater plant. For example, 
they can used to determine the flow, Q;, that can 
be treated with the following conditions: 

BOD to aeration tank (S;) = 100 mg/L 
Effluent BOD (S) = 5 mg/L 
Net yield (Y N) = 0.8 kg susp. solids/ kg BOD 
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Return flow (Qr) = 2,000 m3 / d 
Clarifier area (A) = 200 m2 

Aeration volume (V) = 500 m3 

SVI = 100 mL/ g 
Required solids retention time (0c) = 3 days 

This capacity analysis recognizes the interac-
tion between the design of the aeration tanks 
and the secondary clarifiers. This type of analy
sis examines the effect of MLSS on the capacities 
of the aeration tanks and the secondary clarifi
ers. Equation 13 shows that the capacity of the 
aeration tanks is proportional to the MLSS. The 
solids-flux charts are used to examine the effect 
of MLSS on clarifier capacity. For this analysis, the 
underflow rate, Qr/A,must be calculated. 

For the data given, the underflow rate is 
constant and is equal to 2,000 divided by 200, 

or 10 m3 / m2d. Furthermore, it can be plotted 
on the set of solids-flux curves as an operating 
line as shown in Figure 7.11 (Note that this curve 
is a hyperbola that can be calculated as the prod
uct of the overflow rate times the return ratio.) 

The intersection of the underflow rate curve 
and of a solids-flux line shows the clarifier ca
pacity at that operating condition. For example, 
at an MLSS of 2,500 mg/L, the clarifiers can 
support an overflow rate of 41 m3 /m2d (or a 
flow rate of 8,200 m3 / day). 

The capacities of the aeration tanks and sec- · 

EQUATION 13 
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ondary clarifiers can be compared, as is shown 
in Figure 8. The intersection of the two lines is 
the capacity of the system, 6,000 m3/ d. The 
capacity occurs at an MLSS of 2,700 mg/L. At 
lower MLSS, the aeration tanks have less capac
ity; at higher levels, the secondary clarifiers 
have less capacity. 

Curves for Unstirred SVIs 
Figures 9 through 14 on pages 87 through 89 are 
plotted for several values of unstirred SVIs us
ing the values of 155.9 m/ d for V0, and 0.1646 
+ 0.001586 SVI for K.3 Similar curves can also 
be prepared for other semi-log relationships. 

86 CIVIL ENGINEERING PRACTICE FALL/WINTER 1995 

Summary 
Solids-flux analysis can be simplified by using 
curves based on procedures developed by 
Ekama et al. and Riddell et a[.1,2 These curves 
relate three basic variables involved with sol
ids-flux analysis: 

• Overflow rate; 
• Return ratio; and, 
• MLSS concentration. 

Using these curves, design and operations al
ternatives can be examined quickly. 
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