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Introduction

Mixing is widely used in the chemical and pharmaceutical industries to
disperse additives throughout liquids or to homogenize two or more liquids.
A measure of effectiveness of such mixing is the uniformity of dispersion. A
frequent purpose of mixing is to promote chemical or biochemical reac-

tions.
In the treatment of water or wastewater in continuous-flow plants,

mixing is used for all of the above purposes, but one of the most important
functions is the flocculation of impurities with coagulants so that they may
be removed by settling or filtration. It has become common practice to
provide a rapid initial or flash mix for dispersion of the coagulants or other
chemicals throughout the influent followed by two or more larger chambers
in series where floc growth takes place. Mixing propellers or flat blade tur-
bines are usually used in the flash mix, and rotor reels in the floc chambers.
In 1943, the author and P. C. Stein! demonstrated that the time rate of
flocculation (i.e., agglomeration into larger particles) is directly propor-
tional to the velocity gradient (i.e., space rate of change of velocity) at a
point. The velocity gradients vary considerably throughout a mixing tank,
but under steady conditions of mixing, a mean velocity gradient related to
the energy dissipation per unit of tank volume may be used. The relation
between the velocity gradient and the energy dissipated per unit volume was
derived by the authors from the original analysis by Sir G. G. Stokes? in

All of the energy dissipated in a moving or stirred liquid is by shear
within the liquid, and heat is evolved to increase the temperature of the li-
quid. The instantaneous shearing stress at a point is

?’:,u‘d‘s' (D
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dv | .
where Hév" is the absolute velocity gradient at the point and the propor-

tionality constant u is the absolute viscosity of the liquid. The root-mean-
square velocity gradient for a container is

= ~W— :
I

where W is the energy dissipated per unit volume, called the dissipation

_ function by Stokes. The author® has recently demonstrated by extensive ex-
periments with hydrous ferric oxide floc that the floc size and volume con-
centration may be varied over a wide range by changés in G. The principal
constituent of floc (less than 85 to more than 99%) is loosely bound water,
the amount of which is controlled by G.

The value of W depends upon the geometry of the rotors, stators and
container, and upon the speed of the rotors. Accurate values of W can be
determined only by measurement of the torque input to the liquid at various
speeds and liquid temperatures. The value of W in terms of the speed and
measured torque is
_ 2a8T
where S is the measured rotor speed in rps, T is the measured torque input
and V is the liquid volume.

The calibration curves for G shown in Fig. 1 were computed by means
of Egs. (2) and (3) from numerous measurements of torque input at the
water temperatures shown. These curves are for 2 liters of water in a 2-liter
beaker, both with and without stators. All dimensions are shown on the
figure. The torque measurements were made by supporting the beaker on a
platform suspended on a piano wire, and by direct connection of the rotor
shaft to a motor mounted on a thrust ball bearing ring. Torque measurements
may be made for a large mixing tank by inserting a torque meter in the
rotor shaft above the water surface for vertical shafts or in a dry well for
horizontal shafts, provided the tank is designed to permit the insertion. Ac-
curate torque meters are commercially available for this purpose. Since the
purpose of calibration of a mixing tank is to determine the power dissipated
in the liquid, torque measurements at each speed must be made with the
tank both full and empty. The difference is the net torque for the liquid.

The computed points on Fig. 1 indicate some errors in measuréments
of torque or speed. The curves were adjusted for a smooth fit of the plotted
points. For fully turbulent drag, the ordinates for a particular speed should
be inversely proportional to the square roots of the viscosities as required

W
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by Eqgs. (2) and {(4). This relationship is met for the case with stators at all
speeds above about 20 rpm, as later shown by Fig. 3, but for the case with-
out stators, the drag is not fully turbulent until the speed is greater than 300
rpm. For fully streamline drag at a particular speed, there is only one value
of G for all viscosities as required by Eqgs. (2) and (5). This condition is met
at speeds less than 5 rpm for the case with stators, and 10 rpm for the case
without stators. ‘ :

The speed without stators was limited to about 320 rpm, which pro-
duced a vortex extending down almost to the top of the rotor blade, as shown
in Fig. 1. The effect of the stators is to reduce the vortex in all cases and
greatly increase the values of G at all speeds. Fig. | shows an increase of G
by the stators of more than 3-fold at the higher speeds, which corresponds
with about a 10-fold increase in the power dissipated. It is obvious from
Fig. 1 that mixing tanks and equipment cannot be designed accurately
solely on the basis of rotor drag, as assumed by the author in an earlier
papex? (1955), and that stator and wall drag must also be included.

Gross Drag Coefficients

In order to design a mixing chamber to produce a desired range of val-
ues for G or W within a desired range of speeds, it is convenient to express
the dissipation function W in terms of the drag on the rotors, stators and
walls. Extensive velocity measurements in vertical cylindrical vessels with
turbine blades on vertical shafts by Nagata et al, Aiba and others, as re-
ported by Gray?, indicate that the radial and vertical velocity components
are small as compared to the tangential velocity components, and that the
tangential velocity is directly proportional to the radial distance out from
the center of the shaft almost to the tip of the turbine blades. Beyond the tip
of the blades, the tangential velocity decreases in some cases and is approxi-
mately constant in others. The radial distribution of the tangential velocity
is about the same throughout the depth. The tangentml velocity of the liquid
is reduced with stators.

To simplify the theoretical development, the author has assumed that
all of the energy dissipation is associated with the tangential velocity com-
ponents of the liquid, and that this velocity is directly proportional to the
radial distance out from the center of the shaft to a maximum at the tips of
the rotor paddles and is constant beyond the paddle tips. The assumed dis-
tribution of tangential velocity is shown in Fig. 2. The velocity, v, of the li-
quid at any radial distance r less than r, at the tip of the rotor is 2nrkS ,
and beyond the rotor tip is 2ar kS ; where kS is the speed of the water in
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3
1ps. Since the energy dissipated in turbulent drag is proportional to p % ,

the value of the dissipation function W in terms of turbulent drag on rotors,
stators and walls is:

W= 124paC8° 4)

e . o ,

where 124 is =5, p is the mass density of the liquid; a is the projected
area of the rotor blades, and C, is a dimensionless turbulent gross drag coef-
Jicient determined by the geometry of the system. The term ais introduced
solely for the purpose of making C, dimensionless.

For any speed S, C; may be computed by means of Eqs. (3} and (4)
from the corresponding measured value of the torque T, or by means of Eq.
(2) from the corresponding value of G on one of the calibration curves for
velocity gradient. The better procedure is to use a calibration curve for G
for a selected temperature because these curves are already adjusted to re-
duce experimental error. Fig. 3 is a log-log plot of the gross drag coeffi-
cients, C; against rpm computed in this manner for the 2-liter beaker with
water at 30°C. For lower water temperatures, the curves will be approxi-
mately in the same position for fully turbulent drag and will be higher in
proportion to the viscosity for fully streamline drag.

Fig. 3 is enlightening in several respects. First, it is remarkably similar
to well known plots of friction factor or drag coefficient against Reynolds
number. Second, it clearly shows the existence of a streamline region, at
speeds below 5 rpm, with stators, and below 10 rpm without stators, for the
particular example. Third, the drag in the example is fully turbulent with
stators at about 30 rpm but, without stators, is not fully turbulent at speeds
up to about 300 rpm. Since the effectiveness of mixing depends upon the .
degree of turbulence, it is evident that the stators in the 2-liter beaker make
an important contribution. For example, full turbulence is present with the
stators at 30 rpm and a G of about 30, whereas, without stators, full turbu-
lence is not present at 300 rpm even though G is about 350,

The curves for Cy, illustrated on Fig. 3, are based on fully turbulent
drag which is assumed to be proportional to v2. This proportionality does
not hold except where the curves are nearly horizontal. In the streamline re-
gion, the drag is proportional to v and C; becomes inversely proportional to
the Reynolds number. Since the speed of the rotors is the only changeable
factor in the Reynolds number for a particular mixing tank and water tem-
perature, the curves for C, in the streamline region slope downwards on the
log-log plot at 45°, It becomes apparent that the dissipation function W
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may also be expressed in terms of the viscous drag, where energy is dissi-
pated in proportion to uv? , as follows:

W = 4.92u(, S? &)

2m)?

where 4.92 is g and Cy is a dimensionless viscous gross drag coefficient
determined by the geometry of the system. Fig. 3 shows a curve for values
of C, for the 2-liter beaker without stators, which illustrates that the curve is
horizontal in the streamlme region and slopes upward at 45° in the fully
turbulent region.

Plots of C,, are not necessary because the value of Cy, may be com-
puted for any rotor speed from the corresponding value of C, taken from
the curve. The value of C,; in terms of C; may be obtained by equating the
values of W in Eqs (4) and {5) as follows:

o= 2L acs ©)

K
where 25.1 is 87 and v is the kmematlc viscosity of the liquid or gy -

The value of the turbulent gross drag coefficient, G, in terms of the
drag on the rotors, statorscand walls is
C =2 [(1~k)3A+k3(B+ %cy] N
where C,, is the conventional turbulent drag coefficient applied to the sys-
tem of rotors and stators, f is the Weisbach-Darcy wall friction factor, and
A, B and C are the dimensional turbulent work parameters for the rotors,
stators and walls, respectively.

The value of the viscous gross drag coefficient, C,, , in terms of the drag

on the rotors, stators and wall is
1 1

.
=i C 8
c )] ®
where CD is Cp, times the Reynolds number, {” is f times the Reynolds num-
ber, and A’, B" and C' are the dimensional viscous work parameters for the
rotors, stators and walls, respectively.

The dimensional work parameters are derived hereinafter in the Ap-
pendix for various types of rotors and stators in terms of the areas and radii.
The dimensions of the turbulent work parameters are (length)®, and the di-
mensions of the viscous work parameters are (length)$,

Eq. (7) for C; is applicable only where turbulence is fully developed
and does not change appreciably with change in speed. Eq. (8) for C,,
applicable only where flow is streamline and C,, does not change apprema—

Cp ,
Cy =7 [(Hq?A* +K2(B +
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bly with change in speed. It is proposed to use these equations in design to
estimate the position of the two tangents to the C; curve on log-log paper.

Evaluation of Coefficients

In order to use the gross drag coefficients for design, torque measure-
ments were made on existing tanks to evaluate friction factors and drag
-coefficients. The factor k may be estimated by equating the moment of the
drag on the rotors to the moment of the drag on the stators and walls, each
of which is equal to the torque. The drag and friction coefficients may be
estimated by assuming that at the same speed they have the same values
without the stators in place as with the stators. This requires evaluation of
C, for both cases, as illustrated on Fig. 3.

Drag Moments

The moments of the turbulent drag are proportional top i , as fol-
lows:

Rotors M, =197 p Co(1-k)? A S* - 9)
Stators My =197 p C k*B,,S? ’ (10
f
Walls My, = 19.7p C k2 o €S2 an
2

¥ .
where 19.7is ~3— and A By,and C are the dimensional moment
parameters for turbulent drag on rotors, stators and walls, respectively,

The moments of the viscous drag are proportional to uvr, as follows:
i

Rotors M, =0.785u "QQ (1-K)A] S (12)
Cl
Stators M. =0.785u —> 7 KBS (13)
Walls M. =0.785u — C;’ f‘C S (14)
wo v c' :

, 2 . .
where 0.785 is <~ and A’m , Bm and Cm are the dimensional moment para-
meters for viscous drag on rotors, stators and walls, respectively.

The dimensional moment parameters are derived hereinafter in the
Appendix for various types of rotors and stators in terms of the areas and
radii. The dimensions of the turbulent moment parameters are (length) and
of the viscous moment parameters are (length)s.
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Turbulent Coefficients

Equating the moments of turbulent drag,
f

kg(Bm + -é—;Cm)=(l—k)’Am ’ (15)
. _ 1 , ’
from which, k= B+ 7/ c.c.. (16)
1+4/ 22T
. A,
2 A B
and _f;. - L"led m_m (a7
CD k C Cm ,
. f (1 -k 2 . ‘
Since. - >0 A9 5> By (18)
, ‘
and k < B 19
m
] +§ —
Am

From (19), for the case without stators, B, is zero and k is less than
1.0. For the case with stators, k is less than a fraction of 1.0. For example,
for the 2-liter beaker with stators where B, Apand Co ) are 10.67 x 107 5,
1.017 x 1075 and 67.5 x 107° fi%,

1
10.67 x 107° < 0236

1.017 x 107°

k, <
I+

f . :
If from Eq. (17) the values of =for the cases with and without stators
are equated, the following results: P ’
(1-k)* (1-k?* B
2 . - 7 = - (20)
k2 k Am‘
where k is for the case without stators and kg is for the case with stators.

1f the moment of the drag on the rotors of Eq. (9) is set equal to the
torque of Eq. (3), the following results:

o »
- B 12 3 .
W= 124pa Va (1-k) AmS 21
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in which, by comparison with Eq. (4),
v c, |
Ct *Va (1 -k Ag (7a)
1t is evident from Eq. (7a) that for fully turbulent drag,

(t-k)*  C; withstators
(1-kp = Ct without stators

(22)

With known values of thor the two cases, the values of all coefficients
can be determined by trial-arid-error solutions of Eqs (22), (19), 20), (17),
(16), and (7a). For example, for the 2-liter beaker at 300 rpm, C; is 34x
10 %with stators and 0.33 x 107 without stators. From (22),
(1- k5)2 _ 34 1 -k
a-kF ~ 033 = 10.3 and K
From (19), kg is less than 0.236, and by successive trials by (20) kg is equai

to 0.235, from which1-kgis 0.765. From the above ratio, 1-k is 23?5
0.238, from which k is 0.762. Check by Eq. (20) :

512 . 2 .
(%) - (935@) = 10,585 -0.098 = 1049 = 2:67

= 3.21

or

0.235 0.762 1.017
From 17, ¢ 1017
'6;‘ 0093 75 = 000147 Check by (16)
- 1 -
k= | + o/ 10:67+0.00147 x 675 0235
1.017
and
_ . | -
k= ., JO00IaT X673 0.762
1.017

For V of 0.0706 fi3, from Eq. (7a),

CVe  34x1072x0.706x 107! x 2.08 x 107
DT (1-k) A, 07657 x 1017 x 10°°

C = 84

and f = 0.00147 X 84 = 0.0123
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Viscous Coefficients

Equating the moments of the viscous drag,
t

f !
k(BL + N C,) = (1-K) A, (23)
1
From which k= LT (24)
Bl +{/CC_
R
m
Al 1 .
and _f.; = l:k .._"%_EIEI ‘ (25)
CD k C, ~Cm
1
. f -k . 1
Since C—D, >0 —fk—* Agn > By ‘ (26)
and k < 'B . 27
1+ —@r
Am

From (27), for the case without stators, Bm' is zero and k  is less than
1.0. For the case with stators, k is less than some fraction of 1.0. For exam-
ple, for the 2-liter beaker with stators, where B, Am’ and €, are 40.0 X

107¢, 226 x 1078 and 4.49 x 1073 fi®,

1
ks < :—‘a—m.—g < 0.0535

226 x107°

1

f
If from (25), the values of =7 for the cases with and without stators
are equated, the following results: P
= .
-kg 1-k By 28)

=M
ks kAL

where k is for the case without stators and ks is for the case with stators.

If the moment of the drag on the rotors of Eq. (12) is set equal to the
torque of Eq. (3), the following results:

I

C .
W =492 "v% (1-K) A8 (29)
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in which, by comparison with Eq. (5),

i

Cp '
¢y =57 (1=K Ay (8a)

1t is evident from Eq. (8a) and Eq. (6) that for streamline drag at the same
rpm,
I-k; C, withstators C; with stators

= = ’ ~ (30)
1-k Cv without stators Ct without stators

With known values of C, for the two cases, all coefficients can be eval-
uated by trial-and-error solutions of Egs. (30), (27), (28), (25), (24), and
(8a). For example, for the 2-liter beaker at 3 rpm, Ct is 9.32 X 107 with
stators and 5.96 x 1072 without stators. From (30),

1-k
s _ 9.32 _ 1.56
1-k 5.96

From (27), kS is less than 0.535, and by successive trials by (28) ks is equal
to 0.049 from which i~ ksis 0.951. From the above ratio, I-k is 0.609, from
which k is 0.391. Check by (28),

. B i
0951  0.609 _ _ Pm _ 40 _
05i 0307 © 1928-156 = 17.72 AT 226 17.7
From (25), x = 156 228 = 0785 x 107 Check by (24)
©Cy U440 ’
k = L = 0.049
S, 40 107 + 0,785 x 449 x 107 A
226 x 1078
and k = 1 ‘ = 0.392
o [+ 0.785 x 4.49 x 10°¢ ’
' 226% 1078

For water at 30°C, v =0.86 x 107° {t*/sec, and from Eq. (6) for 3 rpm.

C 23.1 o X208 x 107 x 5.96 x 1072 x 3 - 181 without stators

vV 086x10 60
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For V of 0.0706 {t3, from Eq. (8a),

2
GV 18107062 x 107

= = _ .
DT (1-K)A, 0609x226x107° 6.57 x 10

C

and f'=0.785 x 107 x 6.57 x 10° = 516

Principle of Least Work

The author believes that the Principle of Least Work is a natural law
universally applicable. This principle holds that nature is lazy and follows
the path of least resistance with minimum work in all of its actions. It has
been used in analyses of indeterminate structures where it is assumed that
under an applied load the stresses will be distributed so that the total work
done in deformation is a minimum. Since this principle has been badly neg-
lected in fluid dynamics, the author has studied it as another means for the
evaluation of k. ‘

If the partial derivative with respect to k of the work W, and therefore
of Ct and Cy in Egs. (7) and (8), is set to equal to zero, equations similar to
(15) and (23) result. The dimensional parameters, however, are the work
parameters instead of the moment parameters. The work parameters are the
same as the moment parameters for the rotors and inside stators where the
same value of r is used for the moment arm and tangential velocity, as
shown on Fig. 2. The parameters differ, however, for outside stators and the
walls, because the velocity is determined by Iy and the moment arms are
Iy and.ry , respectively.

The value of k determined by the least work method does correspond
with the minimum value of W, but the method is incorrect because the re-
quirement that the input moment must equal the resisting moment is not
met for the assumed distribution of the velocity. Nevertheless, solutions by
least work are approximately correct. For example, for the 2-liter beaker,
the error in Cjj is +3.6% and in CDl is +0.3%, and the errors in k_ are
+6.0% for turbulent drag and + 14% for viscous drag. It is evident that
the Principle of Least Work does apply to this case, provided the drag mo-
ments are also equal.

Dimensional Effects

In order to study the effects on drag and wall friction coefficients of
tank shape and paddle arrangements, extensive exploratory torque measure-
ments were made with water in the units of a small pilot plant consisting of
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a rapid mix tank 4.4 in. sq. by 3 ft. deep, followed by 3 tanks each 1.0 ft.
sq. by 3 ft. deep with vertical shafts, The rapid mix tank was designed to
produce G-values of about 30 to 1000 with water up to 30°C and fully tur-
bulent mixing. The first 1.0 ft. sq. tank was designed to produce, with fully
turbulent mixing, G-values of about 30 to 750, and the second and third
tanks, G-values of about 10 to 100. One of the larger tanks was filled to a
depth of 1 ft. of water to study the effects of a cubic-shaped tank, and the
paddles were designed to produce (}-values of about 30 to 500 with full tur-

bulence.
The results of the torque measurements are shown in Table 1. Column

1 shows the data for the 2-liter beaker, column 2 for the 4.4 in. sq, rapid
mix tank, column 3 for the first 1 ft. sq. by 3 ft. deep tank, column 4 for the
second and third 1 ft. sq. by 3 ft. deep tank, and column 5 for the 1 ft. sq.
by 1 ft. deep tank. :

The first measurements, made with rotor blades vertical, resulted in
large vortices at high speeds. The vortices were eliminated by pitching the
blades 45° with the vertical, and placing the top rotor assemblies to pump
upward. Hoerner® has published the results of experiments which show that
the turbulent drag coefficient is approximately constant with plates tilted
against the direction of flow from 90° to 45°. It is therefore permissible to
use the projected plate area for pitched blades, provided the pitch is not less
than 45° against the direction of flow. Experiments conducted with the 4.4
in. sq. tank with rotor blades vertical and tilted 45°, but without stators,
showed that the turbulent torque with the pitched blades was about 75.5%
of the torque with blades at 90° with the direction of flow. Since the pro-
jected area was reduced to 70.7% of the area of the vertical blades, the dif-
ference indicates an increase of about 7% in the value of (1-k)? in Eq. (9).

The small tank was equipped with 4 rotors 3 inches in diameter at
depths of 12, 19, 26 and 33 inches below the water surface. Each rotor has
6 radial blades attached to its hub at 60° intervals and pitched 45° with the
vertical. Each blade is 1 in. wide by 1-1/16 in. long. The value of a is 0.125
sq. ft. The top and third rotors pump upwards, and the other two down-
wards. The stators consist of 12 blades, each 2-1/2 in. high by 1-1/2 in.
wide, placed in radial vertical planes through the corners with the inside
edges 0.9 in. from the center of the shaft. Three blades are in each corner
spaced vertically between rotors. ,

The first large tank has 4 rotors 8 in. in diameter at depths of 3-3/8,
16-1/4, 19-3/4 and 32-5/8 in. below the water surface. Each rotor has 6
radial blades attached to its hub at 60° intervals and pitched 45° with the
vertical. Each blade is 1 in. wide by 3-5/8 in. long. The rotor area, a, is
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TABLE I. EFFECTS OF DIMENSIONS ON COEFFICIENTS,WATER AT 30°C.

Y 42»2")8 I %3'390 1 o(%)a o

. 4"3Q. .0'sQ. .0'sq. 1.0'SQ.

CONTAINER| ¢ 2 pEEP | 3' DEEP 3' DEEP 3'DEEP i DEEP

TURBULENT ‘

Am(f15x10%| o.1017 0.855 45.21 5.16 22.3
Bm(ft3x10%| 1.067 6.102 324.4 2233 i47.0
CmlitSxidh| 6.75 32.4 1810.0 10180 695.0
Cig/Ci 10.3 144 1.70 1.55 1.56
s 0.235 0.2397 0.2498 0.1252 0.2514
K 0.762 0.3689 04240 0.2976 0.3989
t 00123 0.1365 0.0804 0.0472 0.1072
Co 8.4 1.76 1.735 1.632 1.469

STREAML INE

Am(Rx10%| 0.0226 12 76.5 3.18 18.56
BmiftSx10h| 0.400 875 516.2 693.2 86.8
Cm#tSsi0%|  44.90 1150.0 70500.0 | 528000 10420.0
Cg/Ct 1.56 113 1.34 1.44 1.38
ks 0.049 0.0941 0.1025 0.0045 0.1393

k 0.39i 0.3554 0.3329 0.3094 0.3996
£ 516.0 918.0 21700 511.0 1395.0
Cpxl0°8 6.57 5.18 9.96 379 5.23
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0.433 sq. ft. The third rotor from the top pumps down and the other three
upwards. There are 8 stators, each 6 in. high by 3 in. wide, placed in radial
vertical planes through the corners with the inside edges 2.5 in. from the
center of the shaft. Two blades are in each corner spaced vertically between
the two top and two bottom rotors, respectively.

The second large tank (and the third) has 3 rotors 6 in. in diameter at
depths of 3-3/8, 18 and 32-5/8 in. below the water surface. Each rotor has 3
radial blades attached to its hub at 120° intervals and pitched 45° with the
vertical. Each blade is 1 in. wide by 2-5/8 in. long. The rotor area, @, is
0.116 sq. ft. The middle rotor pumps down and the other two upwards. The
stators are identical with those in the first large tank.

The cubic tank has 2 rotors 8 in. in diameter at depths of 4 and 8 in.
below the water surface. Each rotor has 6 radial blades attached to its hub
at 60° intervals and pitched 45° with the vertical. Each blade is 1 in. wide
by 3-5/8 in. long. The projected rotor area, a, is 0.2135 sq. ft. The top rotor
pumps upwards and the bottom rotor downwards. There are 12 stators,
each 1-1/2 in. high by 3 in. wide, placed in radial vertical planes through
the corners with the inside edges 3 in. from the center of the shaft. Three
blades are in each corner, 1.9, 6 and 10.1 in. below the water surface.

Table 1 shows very significant differences between cylindrical and
square tanks in the region of turbulent drag. The drag coefficient C, is
much greater and the wall friction factor £ much less for the cylindrical tank
than for the square tanks, which results in a much higher value for Cy /CT
for the cylindrical tank. Figs. 4 to 7 show that turbulent drag can be’ob-
tained over a much wider speed range in square tanks both with and without
stators than is the case with cylindrical tanks.

Design of Tanks

The size and dimensions of a mixing tank are usually determined by
the volume desired or retention period for continuous flow units. The design
procedure thereafter is best illustrated by an example: a rapid-mix tank 10
ft. by 12 ft. in plan with a 13 ft. water depth constructed in an expansion of
the Billerica (Massachusetts) water treatment plant. It is proposed to dissi-
pate 10 hp, or 3.53 ft. Ib. per sec per cf for a volume of 1560, ¢f. The maxi-
mum value of G for this value of W will range from 311 sec™ at 2°C. to 471
at 30°C. :

Two six-blade rotors, 6 ft. in diameter and 5 ft. on centers, are
mournted on a vertical shaft; the top rotor to pump upward, and the bottom
downward. Each blade is 8 in. wide by 2.62 ft. long and pitched 45° with
the vertical. The projected area of the rotor blades, a , is 14.8 sg. ft. There
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Fig. 4 — Gross drag coefficients for 4.4 in. sq. Rapid Mix Tank with water at 30°C.
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Fig. 5-— Gross drag coefficients for first 1 ft. sq. tank 3 ft. deep with water at 30°C.
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are 12 stators, placed in 4 groups of 3 each in the radial vertical planes
through the corners with the inside edges 2.0 ft. from the center of the shaft.
The stators are 3.0 ft. wide with the top and bottom stators 1.5 ft. high and
the middle stators 2.0 ft. high. The dimensional moment parameters for
turbulent drag, A, By, and C are 114. 2 1752 and 7790 ft.5, respective-
lv: and for viscous drag, AH;, B, "and C are 0.0752 X 104,2.17 x 104
and 179.2 X 104t.6, respectively

For trial computations of the values of C, for water at 30°C. on the
turbulent and viscous tangents, the values of the drag and wall friction co-
efficients for the small cubical tank, column 5 of Table 1, will be used. For
turbulent drag, f is assumed at 0. 1072 and C at 1.469. For viscous drag, f’
is assumed at 0.01395 X 105 and C at 5. 23 X 105, For turbulent drag,
the value of k , by Eq (16), is 0.182 and the value of k is 0.31. From (7a),
Cts is 4.85 >< 1073 and C;is3.47 X 10”3, For viscous drag, by Eq. (24),
kg is 0.0276 and k is 0. 1365 From (8a), Cy g is 157 3 and C,, is 139.7.
For 0.1 rpm, S is 1.667 x 107 ; and from Eq. (6), C tg 18 2.20 x 1072 and
Ciis 1.95 x 107 3. The estimated positions of the tangents to the curves for
C, are shown by broken lines on Fig. 8.

For the proposed maximum value of W at 3.53 ft. Ibs. per sec per ft.3,
the estimated speeds from Eq. (4) are 0.590 rps or 35.4 rpm with the sta-
tors, and 0.66 rps or 39.6 rpm without stators.
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APPENDIX

Dimensional Parameters

The dimensional parameters for the rotors and stators are functions
of the projected blade areas perpendicular to the direction of tangential
flow and of the radii which determine the velocity and drag moments. As
indicated on Fig. 2, the velocity is assumed to increase from zero at the
center of the rotor shaft to a maximum at the tip of the radial rotor blade
(or to the center of the outermost parallel rotor blade or outer edge for
wide blades), and to remain constant from this point almost to the wall.
The drag on the walls and floor is assumed to be the same per unit of
wetted area and to be controlled by the maximum velocity at r, ; and the
drag moment arm is assumed to be r,,, the radius of circular tanks and the
shortest radial distance to a wall for rectangular tanks. For simplicity, the
total wall area is used for rectangular tanks with no allowance for corners.

Both radial rotors and wide blade parallel rotors and inside stators
require integration of the differential moment and work on differential
arca, bdr, between r, and r,. The moment arm to an outside stator is to its
center, regardless of its width. Some stators may be partially inside and
subjected to a velocity increasing with radial distance, and partially outside
with constant velocity.

Wall Parameters (2
The drag per unit of wall area = p -%— 3hH
For turbulent drag, the moment is , (32)
£ 27)? _ (2n)? Iy
M, =p T Ay (2) 2 k* 8y, = 3 pCDk2 c (Aw ) r)S?

and the dimensional moment parameter is

Cn = Aw 1 Tw O (33)
. P T
Since the work is M, _v__ or M, 21 T kS,
W rW 3
MCL R N & — 4y )8 (34)
w 7 P Va ‘
and the dimensional work parameter is |
r ,
_ r
C=A, T (35)
For viscous drag, ; | A S
=t o fr W (36)
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Substituting this value of fin (31), the viscous drag per unit of wall area
f'uA A
wp £ W
, "V g T mhv Y @7

and viscous drag moment is
Cof Ay £ Ay
M, = TFHY W Eg E v (2mr kS) 1y,

1

C .
2r D

2

and the dimensional moment parameter is
' i

C =Ay = Tw 39
Since the work is Mwi _;_L orM ‘2?.{ i{_ kS,
w W b 2 40)
. @y _C_E 2 ._fi A 2 1T g2 (
Wy = g Mo k CD‘ (Aw 4 )
and the dimensional work parameter is .2
C‘ = AW2 "T:;“ 4

Rotor Parameters 2
The turbulent drag per unit of projected blade area = C,p \é 42)

The turbulent moment for narmw parallel rotors is

_ @n)f 2 3y Q2
pr =C App - pCp (1 ~k) (Aprp )S (43)
and the dimensional moment parameter is
A, perpr= Aprp (44)
Since the workis M. - or M 21: (1 k) S,
Pf I
p p
W _ perpr= (2 ) C (A >)8? (45)
pr PETP p'p
and the dimensional work parameter is
A per pr= Aprp3 ' 46)

which is the same as the moment parameter.

The turbulent moment for wide rotors, including radial rotors, is

er-‘-CDbfdrp -‘g - (2") pC, (1K) (herdr) g 47)
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and the dimensional moment parameters are

My ;2
A, perrr=b Pdr= A— {48)
and m 0 - .

)
- 34 1’2””2 fl'”ﬂs*ﬁ
A, per wr—h\/:l rPdr=A,, ) , 49)

Since the work 1s
My, ~ or My, 2a(1 -K) S,

M ey 50
Wy Per wr = 2=~ pa < (1 K (b f rPdr)S? (50)

and the dimensional work parameters are the sam€ as the moment
parameters as given by (48) and (49). »

The viscous drag per unit of projected blade area = ,

p v_ o’ v _"p A
RPT wWR P78 My OD
The viscous drag moment for parallel rotors is \
"vCD’ Ap2 2m Cp 2. 2
Mpr:—g“ BV 'rp——S-p-——(l k)(Ap rp)S - (52)
and the dlmenswnal moment parameter is
Ayl perpr=A p p2 , (53)
Since the work i v o (1-K)s, ‘
ince the work is Mp rp or My, (1-k) y (54)
! @em® b 2
| Wpr per pr =~ i (1 k) (Ap p 2)s
and the dimensional work parameter is A per pr = Ap rp2 (55)

which is the same as the moment parameter in ('5 3.

The viscous drag moment for wide rotors, including radial rotors is
c,. C
r_ D A - 2m "D 2
Mg, = = HV b/drvr 2 HFv (1 -k) (Ahfr dn's (56)

and the dimensional moment parameters are T, ,

’ V T
A’n; per ir = Arb/ rfdr=A2 ";“‘ (57
()
Ta '

| 2 + +1,°
and A, per wr=Awrbf rzdr=Awr2Ll%~A— (58

by
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The dimensional work parameters A’ per 1r and per wr have the same
values as the moment parameters in (57) and (58).

The values of the total rotor parameters for a mixing tank are summa-
tions of the individual rotor parameters, as follows.

The turbulent moment paramcter or work parameter is

n=A= 3 '+ttt
A= A +2Ar4 20 Awr B 9

and the viscons moment and work parameters are

r
- 2 2 g T2 1t
m=A=D AR+ > AT+ A 2 TROTIL (60

In computmg values of the pa.rameters, the terms in (59) and (60) which
are not applicable are omitted.

The parallel rotor term may be used for wide rotors if r, is not greater
than 1.5r;. For turbulent drag, the value of rp3 is 3.7% less than

12+ 1% rpr

4
fcr—f:f- of 1.5 and 10% less for;—? of 2.0. For viscous drag, the value of 1rp2
. 4 0yt fz Iy
is 1.2% less than . S for o of 1.5 and 3.4% less for-r-l—‘of 2.0.

Stator Parameters

Using the turbulent drag of (42), the turbulent moment for inside

narrow stators and outmde stators of width less than rw f is

Mg=C ASPM (r orr, (217) pCok (Ag > or AgrPr ) S? (61)

and the dimensional moment parameter and work parameter for the inside

narrow stators is
V B, peris=Bperis=Ar,> (62)

The dimensional moment parameter for the outside stator is

B, peros = A *r (63)

0s

‘ ‘
Since the work is M, —r-Y- or M, 2&7}-5— k 8, the dimensional turbulent
0s 08

work parameter for the outside stator is
B peros= Asrr3 64)
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For wide inside stators,

3,2 2,3
. . Tyt ry°ry Yoy
B, peris=Bperis=A -2 21 21 "I

s 7
Using the viscous drag of (51), the viscous drag moment for inside
narrow stators and for outside stators is
vt 2w
M = 5 M V k(A orA T Tog) S (66)
and the dimensional moment parameter and work parameter for the inside
narrow stators is

(65)

o T e 2 2
B peris=B peris=ASr; 67 ’

The dimensional moment parameter for the outside stator is

!
B, peros=A’r 1 (68)
and the work parameter is :
B' peros=A o’ (69)
For w1de inside stators,
2 rf+r2r1+r12
B peris=Bperis= A R (70)

The values of the total stator parameters for a mixing tank are summations
of the individual stator parameters, as follows.

The turbulent moment parameter is (71

15 + 1,2 r+rr +r,°
E:Ar3+§:Asrros }:Az 2 1) T 1

and the turbulent work parameter is (72)

3 r,? +f2 ot
B=Y  Agl + D Agtre 3 A s

The viscous moment parameter is

! E : 2 : E : +rarptr
- 2,2 % 2 ' 2 1-2 211 l
Bm AS ris AS r F A 3

and the vicous work parameter is

2
U 2. 2 2.2 ‘ 2 X Hrpritn
B E;Asris+z:Asrr+§:As—-——-§—-—

In computing values of the parameters, the terms which are not appli-
cable are omitted.

The parallel stator term may be used for wide inside stators if rs is
not greater than 1.5tr;. The error in using the simpler term is the same as
shown above for rotors.

(73)

(74)





