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Introduction 

The disposal to the sea of man-produced wastes - sewage, heat, etc. -
gives rise to many questions of a scientific nature. Complete removal of all 
the pollutants from the waste water is seldom practical because of high costs 
and lack of adequate technology. Hence, the physical aspects of water pollu
tion problems are of great significance due to the fact that knowledge of the 
processes by which the waste water is mixed and dispersed in the receiving 
water is required for evaluation of pollutant levels. Knowing the natural 
processes of transportation and dilution of the disposed waste products, we 
have a basis for controlling hygienic and aesthetic nuisances as well as eco
logical disturbances. Studies of the hydrology and hydrodynamics of lakes, 
rivers and coastal environments exposed to waste discharge are therefore a 
fundamental feature of water resources planning and water quality manage
ment. Let us consider two common pollution problems. 

A complex engineering problem in the field of water pollution control is 
to select the best site for a future outlet of sewage water. Several alternative 
sites usually have to be investigated as to their efficiency for dispersion of 
effluent. A qualitative judgment must be based on a statistical presentation 
of the result of the study. A statistical description of the problem can gener
ally not be obtained without comprehensive hydrological surveys to estab
lish the dispersive properties of the environment. Adequate information is 
usually required not only on the physical but also on the chemical and bio
logical characteristics of the affected area for which water quality standards 
have to be established. Hence, such field studies turn out to be most costly 
and time consuming. This necessitates a systematic approach not only for 
the planning of the investigation but also for the future water quality control 
management. 

Let us turn to another problem of current interest. For the successful op
eration of a thermal power plant located on the coast, an essential aspect 
concerns the effect on the sea caused by the discharge of warmed condenser 
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water. Thermal pollution of the sea and recirculation of warmed condenser 
water are affected by several factors, for instance, distance between intake 
and outlet, the heat budget of the sea, and finally to a substantial degree also 

. by the spreading behaviour of the warmed condenser water. Much attention 
has been given in Sweden, as in many other countries, to studies on the po
tential of the coastline for siting of planned thermal power plants, and var
ious approaches for analyses of spread characteristics of the discharged 
cooling water have been considered. This would ultimately lead to design 
criteria for intake and discharge structures. 

Scope and Objectives 

In this paper we will discuss some approaches for studying dispersion 
phenomena in coastal environments. The complexity of the problem neces
sitates a review of applicable methodology. Because of the multitude of fac
tors that usually have to be considered, a systematic approach to the control 
of water pollution is required. Since mathematical models are widely used 
in hydrology for prototype simulation, an objective of this paper is to pre
sent some principles for mathematical modeling of dispersion phenomena. 
Some advances in field measuring techniques are reviewed as they apply to 
water pollution studies. 

It should be emphasized that the conditions for marine disposal of waste 
water in the Scandinavian waters, with which this study is most concerned, 
are very often quite different from conditions in other parts of the world. 
This is due to the fact that these water areas exhibit some unique hydro
graphical as well as topographical features. The fjord and the archipelago, 
for instance, are significant elements of our coast, and the Baltic Sea is an 
important feature of the salt water and fresh water balance for the whole 
area. 

Until recently, only limited experience from rational waste disposal prac
tice in Scandinavian waters has been gained. Worth mentioning is a perma
nent interstate committee which was founded in 1960 for planning and exe
cution of a scientific program for investigations in the sound between Den
mark and Sweden. The Norwegian Institute for Water Reseru:ch has carried 
out extensive investigations in the Oslofjord, and monitoring schemes for 
conceivable major expansions of marine waste disposal systems are estab
lished for the municipalities of Stockholm and Gothenburg. Of special 
oceanographic interest is the Baltic Sea and concentrated effort is devoted 
to field studies and surveys in order to gain a better understanding of the 
general hydrography of this huge body of brackish water. 
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Mode of Analysis 

It goes without. saying that a complete physiographical description of a 
lake or a coastal water area is not possible to obtain. This is strictly true 
also for a more well defined process such as, for instance, the spread of a 
pollutant from a waste outfall. Every approach to study the characteristics 
of a receiving water area has to introduce some simplifications. The degree to 
which a model of the prototype - analytical or experimental - represents 
the true conditions is dependent on the assumptions introduced concerning 
prototype behaviour. 

There are few areas of engineering activity which involve as many vari
ables as are found in applied hydrology, and notably in water pollution stud
ies. The computerized mathematical models, as well as the use of automatic 
data processing systems, are therefore becoming extremely valuable. It is, 
however, essential that the investigator be aware of the limitations inherent · 
in his choice of approach to a study of the problem, and how they affect the 
ultimate result. Sometimes even the applied numerical procedure for solving 
the governing equations introduces errors which can destroy the physical 
significance of certain important parameters, e.g. pseudo-dispersion. 

There are several alternative methods for the prediction of the dispersion 
pattern in 'the receiving water area. Four main approaches may be 
distingu_ished. 

a) A purely theoretical analysis supported by general experience on the 
diffusive properties, circulation and exchange conditions of the water 
area in question. 

b) The same as under a), but with supplementary field surveys to estab
lish characteristic prototype behaviour. 

c) Tracer technique for direct in-situ simulation of transport and mixing 
of the waste effluent. 

d) .Scale tests by means of a hydraulic model. 

In the future, when the next generation of electronic computers are avail
able, we will probably use advanced theoretical flow models for computer 
simulation of dispersion phenomena. 

Sometimes the possibilities to use a natural simulation technique are lim
ited because.adequate tracer field tests are not possible. For instance, in the 
case of the design of a cooling water system for a planned thermal power 
plant it is virtually impossible to accomplish a true simulation of this hy
draulic flow pattern in the prototype, i. e. the coastline without the power 
station. This suggests an analytical analysis of the problem and scale model 
studies as the appropriate support for the engineering design of the cooling 
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water arrangement. Hydraulic models have been employed for many years 
as a valuable tool in the solution of waste disposal problems. The technique 
and practice applied depend on the water area to be reproduced, the general 
nature of the problem to be studied, and many other considerations. 

For the present study we will confine ourselves to discussion of the prin
ciple of prototype simulation by mathematical models. 

Mathematical Models 

The development of a mathematical model follows three distinct phases: 
conceptual, functional and computational. The conceptual model of the 
problem analyzes the fundamental physical elements to be incorporated in 
the model. As a second stage, we have to convert the proposed physical 
model into mathematical terms. The computational solution is the final step 
in the development of the mathematical model. The predictive capability of 
the proposed model must be tested in the laboratory or in the field by com
parison to observed data. 

The ultimate objective of a dispersion model is the effective control of 
concentrations of contaminants released within the area. Hence, this model 
is an integral part of the water quality planning within the control regime. 
The pattern of spreading of discharged water is dependent on a great num
ber of parameters several of which may have a significant effect on the pol
lution of the environment. Transportation and distribution of the pollutants 
result not only from the details of movement and mixing within the receiv
ing area, but depend also very often to a substantial degree on the external 
circulation, i.e., exchange with adjacent larger water bodies. Hence, consid
erable effort has to be made to investigate dispersion mechanisms from 
well-defined sources of pollution as well as to expand the knowledge of the 
physiography of the coastal environment which will be exposed to waste 
discharge. 

Most fjord and nearshore problems are so much related to such local fac
tors as topography, stratification, flow-through, and meteorlogical and tidal 
activity, that a mathematical treatment is very difficult to achieve. Unfor
tunately, it is in these cases that the characteristics of the receiving water 
are of primary interest, as they ultimately determine the concentration lev
els and the residence time distribution in the water quality region consid
ered. We will discuss approaches of mathematical modeling with special 
reference to this particular problem. .! 

A properly designed dispersion model should be able to predict pollutant 
levels at any location in the receiving area, if the source emission and the 
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environmental factors are known. Using terminology of control theory, the 
non-manipulative input variables are the environmental factors, and the 
control variables of the system which can be selected to meet some water 
quality requirements are the sources of pollutants and their locations, outlet 
arrangements and finally, of course, the source strengths. Once such a model 
of high predictive capability has been constructed, various control problems 
can be posed. 

The analytical procedure of the mathematical modeling is based on either 
a finite or an infinitesimal approach. The differential control-volume analy
sis describes the flow characteristics and mass balance at a fixed point in 
space. Consequently, the basis for this method is the general equations of 
motion and appropriate equations for the conservation of mass and volume. 
Oceanic circulation, for example, has been successfully studied by means of 
infinitesimal calculus. The predictive capabilities of these ocean models are 
fairly good due to the fact that even drastic simplifications of the flow prop
erties do not significantly affect the overall pattern of circulation. 

Theoretically, the spatial and time history of discharged pollutants could 
be obtained by solving the general equation of diffusion and the equations 
of motion. The lack of detailed knowledge of all the flow properties of the 
water area is one of the reasons that an exact solution to the diffusion prob
lem is not available. 

The finite control-volume analysis is perhaps the most widely used tech
nique for studies of flow problems. The water body is divided into segments 
of finite size and mean values are assigned to each element according to the 
physical properties of interest. The classical method for estimating flushing 
rates in estuaries due to tidal action is the tidal-prism analysis. Using finite 
control volumes we will never gain a thorough understanding of the flow 
mechanisms which can only be reached by means of a particle approach 
analysis. 

Statistical correlation approaches have proved to be successful tools for 
analysing dispersion phenomena, being alternatives to the differential anal
ysis using coefficients of diffusion. The classical theory was developed by 
Taylor who considered "diffusion by continuous movements" from a fixed 
point in an isotropic, turbulent flow field. In recent years several techniques 
have been proposed for simulation of turbulent diffusion by means of sto
chastic models. 

Statistical models are frequently used in operational hydrology and may 
be a likely analytical procedure for water quality management when large 
quantities of data are available. The "data bank" is then the historical ob
servations of flow characteristics, quality parameters and environmental 
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conditions gathered during a certain period of time. The problem is to ex
tract from the data bank enough information to construct a statistical model 
which demonstrates properly the interaction between significant system 
parameters. 

Condenser Water Discharge 
For predictions of the process of thermal diffusion produced by condens

er water discharge, we usually have to rely on a combination of analytical 
reasoning, scale modeling and field surveys. It is a complex problem involv
ing aspects of stratified flow as well as thermodynamics. The objectives of a 
hydraulic study of a cooling water arrangement are two-fold: determination 
of the thermal effects on the receiving water area and the degree of recircu
lation of heated condenser water. 

Several experimental studies have contributed to our understanding of 
the diffusion phenomena inherent in the surface discharge of warm water 
jets. Jen, et.al. ( 1966)21 considered the reduction of temperature excess due 
to turbulent jet mixing. Hayashi and Shuto (1967)18 performed similar 
studies. The results of these experiments can be compared to a model for 
the initial flow zone proposed by Cederwall and Sjoberg ( 1969)8 using the 
jet diffusion theory as will be outlined. 

Because it is difficult to solve the dynamic and thermal equations simulta
neously, the problem is studied assuming the temperature to be a conserva
tive property. Turbulent diffusion normally accounts for the most efficient 
reduction of excess temperature, although heat loss to the atmosphere 
sometimes is far from negligible. However, if we want to design a discharge 
structure for the purpose of achieving a high degree of dilution, (this is 
usually the most appropriate way of meeting water quality standards and re
ducing recirculation) then the assumption of a conservative temperature is a 
justified approximation. In such cases the heat loss may be estimated 
through a stepwise correction of the heat flux following the calculated path 
of the condenser water flow. 

To describe the initial flow zone of a surface discharged warm water jet 
we start studying the basic flow properties of a submerged three-dimension
·al momentum jet in the zone of established flow, Albertson, et. al. (1950)3 , 

see Fig. I for definitions. 

= 6.2 D 
s (I) 
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Fig. 1. --:- Velocity field of submerged three-dimensional jet and sketch of jet diffusion 
models. · ' 
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Q s 
- = 0.32 -
Q0 . D 

r2 
=e - ---'--

(0.114s)2 
(2) 

(3) 

In the case of a submerged jet in a large reservoir, the absence of external 
forces requires the flux of momentum, m, to be the same at all successive 
sections. 

m(s) = m~ = pQ0 U0 

The growth of the jet flow is characterized by the· following equation: 

dQ 
- = a· 21rbU ds m 

(4) 

(5) 

where a is the coefficient of entrainment which, from dimensional consider
ations, has to be a.consta~t, a.= 0.057 for this particular case. 

Introducing the kinematic flux of momentum, jy = Q u , we can write 
0 0 Eq. (I). 

1 
Um = 7 .O J~ · T = 7 .0 j½ 

For the growth of the jet flow we may write 

Q = 0.28 J½ · s 

or by means of Eq. (5) 

r J ·]½ dQ = 1.41 a L1rb2 • 21rbds 

1 . 
s (6) 

(7) 

(8) 

where J/1rb2 is a characteristic local velocity, and 21rbds "the local area 
of entrainment". Similar expressions hold for the submerged, two-dimen
sional momeQ.t~m jet. · 

Now, retu_rning.to the surface discharged warm water jet we have to take 
into consideration the following conditions: 

a. The water surface and the 1:>ottom are characterized by zero rate of 
entrainment. 
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b. The flux of momentum is reduced due to turbulent shear at the fixed 

boundaries. 

c. Increased lateral spread is caused by the density deficit of the heated 

water. 

We assume that the density deficit 6 p is a linear function of the tempera

ture excess t:.T . The following situations are modelled, see Fig. 1: 

1. Subsurface discharge in a deep and homogeneous stagnant 

environment. 

la. 6p0 = O; m0 > 0 · Non-buoyancy case 

According to Eqs. (6) to (8) we get 

Um = JT · 7 .0 J½ - = 
s 9.9 J½ i (9) 

or 
D 

8.8 5 

Q = JT · 0.28 J½ · s = 0.20 J½ · s (11) 

The turbulent diffusion of mass and heat is similar to the diffusion of mo

mentum and in the reference case of a three-dimensi~nal submerged simple 

jet the distribution of concentration, C, of the discharged effluent can be 

written: 

Cm D 
(12) 

Co 
= 5.6 -

s 

C 
r2 

Cm 
= e - (Xb)2 (13) 

where X, the turbulent Schmidt numb~r, is close to unity. 

We can modify the distribution of concentration in the same way as the 

velocity field to yield the case. of a subsurface non-buoyant jet. Hence, Eq. 

(12) takes the following form: · 

Cm D D 
-c = V2 5.6 s = 7.9 (14) 

0 s 

Eqs. (2) and (13) expressing the lateral spread of momentum and mass. 

remain as they are. · 
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Eq. (10) is in good agreement with experimental results of Horikawa 
(1958) as reported by Jen, et. al. (1966)21 and is a better representation of 
the velocity field than Eq. (1) which they proposed. Furthermore, the lateral 
profile of velocity of the subsurface jet was not found to differ significantly 
from that of a submerged jet. Laboratory experiments performed at the hy
draulics laboratory, Chalmers Institute of Technology, show that Eq. (11) is 
a valid description of the growth of the jet flow. 

Measurements of the distribution of temperature from experiments rang-

ing in Frou~e number,F == U0/~• from 18 to 180 (that is when .the 

effect of buoyancy on the spreading is small) was reported by Jen, et. al. 
· (1966). 21 The experimental data of Hayashi and Shuto (1967)18 range 
in Froude number from 1 to 16. Tamai, et. al. (1969)31 describe some ex
periments performed at relatively small values of the Froude number. For 
F > 3 the effect of buoyancy is not very pronounced in the initial flow zone. 
Hence, Eq. (14) should be applicable which also is confirmed by the 
experiments. 

I b. !::,.p0 > O; m0 ~ 0 Buoyancy case. 
The spread is then induced e~sentially by the density deficit. Theor_etical 

and experimental studies iJ:idicate that the front velocity,. Ut::,., may be de
scribed roughly by Abbot (1961).1 

Ut::,.==(~ ~)½ (15) 

where h is a characteristic thickness of the flow field at the edge. 
le. !::,.p0 > 0; m0 > 0 Intermediate case .. 
This is a subsurface jet characterized by initial momentum and induced 

gravitational spread. To model this flow situation we make the following 
assumptions: 

a. The overall rate of entrainment is not affected by the buoyancy. 
Hence, F must not be too small. 

b. The principle of superposition is assumed to yield the mechanisms 
causing the jet expansion. 

The expansion of the jet flow due to diffusion may be evaluated from case 
la. The flow pattern of the non-buoyant subsurface jet is generalized to 
have a rectangular cross-section with a width-depth ratio of 2 and a con
stant longitudinal velocity equal to k · Um· Furthermore, we assume the 
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velocity and concentration profiles to be identical. From continuity we get 

92 
Q= ½ 1rUmb2 = k2Um. 2 (16) 

b2 92 
Oo = ½ 1TUm. Cm 2 = k

2 
Um. cm. T (17) 

where B is the width of the generalized subsurface jet. 

Hence, k = 0.5 

dB ds - ..,/2-rr 0.114 = 0.29 (18) 

0.29Um 

2 · 2 

where U d is the lateral spread velocity of the jet due to diffusion. If the 
gravitational effect is superposed we arrive at the following expression: 

dB Ud + Uti 
- = 4 
ds Um (19) 

and the equation characterizing tlie jet expansion is then 

dB 0.20 S
3

/
2 

ds = 0.29 +, -F- OB½ (20) 

The depth may be found from an equation of continuity. 

Eq. (20) is in good agreement with experimental results reported by Hay
ashi and Shuto ( 1967)18 corresponding to steady-state conditions in Froude 
numbers exceeding say 2.5, and seems to be a better representation of the 
spreading pattern than the linear relationships proposed by Jen, et. al 

· (1966)21 and Wood and Wilkinson (1967).33 For very small Froude num
bers'there is, in these scale tests, a pronounced buoyancy effect which ham
pers the mixing. Hence Eq. (20) cannot hold. 

2. Subsurface discharge in shallow, homogeneous and stagnant 
environment. 

2a. 6p0 = O; m0 > 0 Non-buoyancy case. 

For shallow water the jet tends to penetrate the whole depth. Hence, 
there is only lateral entrainment of ambient water. Assume the slope of the 
bottom to be S.·Then the depth of the flow is given by: 

h=h0 +S·s (21) 
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This case is represented by a plane jet and we arrive at the following. 
characteristic flow equations using formulas for submerged two-dimensional 
jets, see Albertson, et al. (1950).3 

u = m 

dQ = 
<ls 

s 00 

J=J0 -f f P: dyds 

.oo .oo 

(22) 

(23) 

(24) 

where y is the lateral coordinate and, T , the shear at the bottom expressed 
by 

2 
y 

f 2 -2b2 
T =- Po Um · e 

8 
(25) 

f is the friction factor and b stands for a locai characteristic length of the 
plane jet. Hence, 

for S ;,i! 0. (26) 

and 

fs 
J - 8h

0 -= e 
Jo 

for S = 0. (27) 

This approach is supported by laboratory experiments carried out at Chal
mers Institute of Technology. 

2b. 6p O > O; m0 R:: 0. Buoyancy case, see I b. 
2c. 6p0 > 0; m0 > 0. Intermediate case. 

If the entrainment is mainly in lateral direction, a generalized flow model 
is preferably based on a plane jet. Assuming that the lateral entrainment is 
not significan_tly affected by the buoyancy we may define a mean velocity in 
the longitudinal direction and a lateral velocity of expansion similar to case 
le. These velocities are evaluated to be 0.71 Um and 0.124. Um respective-
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ly. The 'combined effect of diffusion and gravitational spread leads to the 

following expression of the expansion of the flow field. 

dB 3.0 Uo ~ 
3 

ds = 0.35 + F U3m (28) 

Similar to Eq. (20), this relation requires that the Froude number is not too 

small. It should also be mentioned that the hampering of vertical mixing 

due to the density difference is more pronounced at larger distances from 

the source. 

The depth of the jet flow is obtained from an equation of continuity. 

If the receiving water is density stratified, the vertical mass exchange is 

considerably reduced. This suggests that a subsurface, plane jet of initial 

moment~m and induced gravitational spread -2c- best represents the flow 

field. The two models proposed, however, define extreme-situations as to the , 

overall rate of entrainment and the true flow pattern is likely to fall some

where between. 

The two-dimensional wall jet is well-known from literature. If we apply 

the proposed jet diffusion model to this case, and neglect the shear at the 

wall, we arrive at the following equations. 

Um = 3.2 ( h: ) ½ (29) 

Q • 0.44 "' ( ~ r (30) 

Analyzing experimental data, see Rajaratnam and Subramanya (1968),28 

we find the following expressions for the wall jet: 

Um = 3.4 [k] ½ (31) 

Q = 0.44 sh [h~]½ B 
(0.52 + 4.1 _£ ) 

s 
(32) 

Eqs. (31) and (32) deviate slightly from Eqs. (29) and (30) which is due 

to the fact that the shear at the wall affects the flux of momentum as well as 

the velocity distribution across the jet. 
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Coastal Currents 
Currents in the receiving water area affect the dispsrsion pattern of the 

discharged condenser water and have to be accounted for when estimating 
the rate of recirculation. For shallow waters the jet tends to penetrate the 
whole depth and the jet trajectory is bent over towards the coast if coastal 
currents are prevailing. This may create a zone of local recirculation where 
a portion of the flow is continuously fed back to the jet. This mechanism of 
feed-back is less pronounced in deep water where the jet flow does not pene
trate the full depth. Experiments have shown that such curved, two-dimen
sional jets have local concentration and velocity profiles similar to free jets, 
see Sawyer (1963).29 The total rate of entrainment of the curved jet is al
most identical to that of a free plane jet - the increased rate of entrainment 
along the outer edge ( ~ 2/3) being balanced by a reduced rate of entrain
ment along the inner edge (~ 1/3) . Hence, as an engineering approxima
tion it is justified to use the formulas for the growth of flow as a function of 
s, previously deduced for the stagnant environment case. 

To determine the curvature of the jet path we have to consider the inter
action between the flux of momentum of the ambient water and the jet flow. 
Hence, the rate of change of momentum flux may be set equal to the rate of 
entrainment of momentum flux plus a gross drag force acting on the jet, Fan 
(1967.)11 However, several other models can be tested, Haggstrom (1969). 19 

Laboratory experiments are presently being carried out at Chalmers In
stitute of Technology to study the behavior of warm water jets discharged 
into a flowing environment. 

Example 

Proposed models of the dispersion of condenser water discharge are ap
plied to the planned nuclear power plant, Barseback, located at the sound 
between Denmark and Sweden. The cooling water discharge is 150 m3/s ini- · 
tially issued at a speed of 2 m/s. The temperature excess represents an ini
tial density deficit of lip0 = 1.0 kg/m3• Figs. 2 and 3 show the result for 
stagnant ambient water as well as for the case of a coastal current of 0.5 
knot. 

SUBMARINE DISPOSAL OF SEW AGE 
The dispersion mechanism following a marine waste water discharge in

cludes essentially two stages: first, the initial mixing of the waste water in 
the immediate proximity of the outfall; and second, the subsequent trans
port and dispersion of the disposed effluent. When sewage is discharged into 
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6 

4 2.a;2.c 

2 ---0L----.L----.._ ___ .._ _____ s 
0 200 400 600 m 

Q =150m5/s 
0 

_ V
0
=2m/s 

/1p_ =lkg/m5 
0 

Fig. 2. - Flow characteristics for Barseb_iick power plant. Applying models 2a (0 < s < 
330m) and I c and 2c (s > 330m) in the case of a stagnant receiving" water. 
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U0=0.5knot - A T=2~2°C c_----r-
1 

AT=2.2°C 
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200 400 600 800 m 

Fig. 3. - The spread of the cooling waterfrom Barsebiick power plant discharged into 

a coastal current of0.5 knot reproduced by a plane jet and ignoring density differences. 

the sea it is subjected to a buoyant force proportional to the density differ

ence between the sea. water and the waste water. Hence, the discharged sew

age rises towards the sea surface while mixed with ambient w~ter. After 

the excess jet energy has been dissipated and a sewage field is established at 

some neutrally buoyant level, mixing due to natural turbulent diffusion be

comes dominant. 

In a stratified receiving environment there is a possibility of submerged 

sewage fields forming above a submarine outfall. The amount of pollutants 

that is brought up to the surface is then considerably reduced. This is usual

ly looked upon as a desirable result, considering the increased recreational 

value of the receiving water area. However, other basic interests, primarily 

fishing, may prefer dispersion of the disposed waste water in surface layers 

where transportation and associated dilution are ·more efficient than in the 

deep waters. 

The initial mixing of the discharged waste water is basically a problem of 

jet diffusion, whereas sea dispersion is a more complex phenomenon due to 

the multitude of significant parameters involved. It has, from initial mixing 

considerations, been the usual practice to provide multiple-port diffusers 

with horizontal ports. Hence, studies on horizontal jets discharged into envi

ronments of various hydrographical complexity is of great engineering 

interest. 
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A definition sketch for horizontal jet diffusion is given in Fig. 4. The S
shaped form of the jet is observed in flowing ambient water or. when the jet 
effluent is discharged at large values of the Froude number in a ·.stratified 
environment. Several solutions to horizontal jet diffusion in stagnant homo
geneous water have been proposed. Abraham (1963)2 introduces empirical 
functions for the spread of momentum and mass across the jet section where 

Fig. 4. - Definition sketch for hori,zontaljet diffusion. The S-shaped profile is observed inflowing ambient water or when the jet is discharged at a high Froude number in stratified water. 

the rate of spread is a function of the local angle of inclination. Fan and 
Brooks (1966)12 use the principle of entrainment which they advocate as 
being more logical from a physical standpoint. The two theoretical solutions 
give practically the same result when adequate values of coefficients are 
chosen. For cases of linear density profiles in the environment, a variety of 
numerical solutions to jet diffusion problems have been presented by Fan 
and Brooks (1969).13 A numerical step-by-step procedure has been suggest
ed by Cederwall (1966)5 to obtain a solution for the case of a horizontal jet 
issued into a stably but otherwise arbitrarily stratified environment. A simi
lar program has been worked out by Ditmars (1969).9 These upproaches es
timate the levels between which the sewage field will be established. Fur
thermore, the Danish Isotope Centre has worked out a set of computer pro
grams which are concerned with the trapping effect in stratified water, and 
the conversion of all the single results to statistical expressions, Hansen 
(1967). 15 

When the sewage jet reaches the surface or some trapping level below the 
surface, there is a transition to horizontal spreading. It is difficult to assign 
any special flow pattern which gives a general description of the transition 
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zone because this mechanism depends very much on the hydrographical sit

uation at the outfall site, and no detailed study has been focused on this 

problem. If fairly strong currents are prevailing in the disposal area, the 

spreading feature of the sewage field - submerged or established at the wa

ter surface - may be evaluated. However, when the currents are weak, the 

transport of the sewage away from the disposal area is a more complex phe

nomenon. If the sewage field is established at the water surface, then the 

propagation of the front of the expanding field is induced by density differ

ences and is likely to resemble the spreading of oil on water, Abbot (1961).1 

For this case the front speed is given.by 

(33) 

where o/ is the relative density difference between the ambient water and 

the sewage-seawater mixture, and h is the thickness of the field. A solution 

based on Eq. (33) was given by Larsen and Sorensen (1967)23 for the case 

of a sewage jet reaching the surface of a uniform flow. Sharp ( 1969)30 stud

ied the surface spread following a horizontal jet discharge in a stagnant 

homogeneous environment and provided an experimental solution for the 

rate of spread. 

Eq. (33) expresses the front propagation of a gravity current in a homo

geneous environment. The front abvances as an "instability front" with a 

tendency to have a vertical front (the dam burst analogy), see Benjamin 

(1968).4 Assume for the moment that a similar mechanism of gravitation 

spread is applicable for the case of a trapped sewage field. The stratification 

of the receiving water is assumed to be linear between the levels occupied by 

the sewage field. Analogous to Eq. (33) we then get for the front velocity: 

(34) 

However, in stratified surroundings the front shape is more wedgelike sup

pressed by the stratification, and the front advance does not follow Eq. (34). 

This is observed from experimental modeling of the collapse of a mixing re

gion in a stratified environment developing a thin triangular front with a 

low velocity of propagation, Wu (1969),34 see Fig. 5. As a result there is a 

pronounced tendency of accumulation of sewage above the outfall for the 

case of trapped jets in a stagnant environment. 

It is well-known that the directional variation of the horizontal velocity 

with depth-variation of the mean value as well as time fluctuations, is a 
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Fig. 5. - A mixed region collapsing successively in stratified water, Wu (1969). 

most efficient. mechanism for spreading a tracer cloud apart, see Fig. 6. Sup
pose that the environment is stratified thermally or due· to existing differ
ences in salinity. An increase of the initial vertical expansion of the sewage 
field favorable to subsequent dispersion is obtained when using diffusers 
with a slight but systematic variation of the port directions, or by a varia
tion of port diameters. This suggests that sometimes, and specifically in 
stratified waters, the appropriate design of the outfall arrangement has to be carefully analyzed as to its effect on the·disper~ion mechanism following the 
initial dilution. 

U(z) 

'-----------------, I · I 
I I 

·j Sewage field . j 

z 
Fig. 6. - Increasing the initial depth of a submerged sewage field improves the lateral dispersion if the v.elocity vector of the ocean varies significantly with depth. 
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Several mathematical models have been proposed for ocean diffusion. 

Unfortunately, there are but few studies on dispersion in natural waters sys

tematically relating the pattern of dispersion to environmental parameters. 

Hence, there is still a considerable lack of knowledge on many features of 

sea dispersion despite the efforts which have been devoted to the problem, 

see for instance Foxworthy ( 1968), 14 Okubo ( 1968)25 and Kullenberg 

(1968).22 Processes of transportation and mixing in coastal waters and in 

the open ocean are so complex that a single mathematical model that can ex

plain the entire pattern of dispersion seems far away. Hence, we are very 

much dependent on empirical data obtained from field tracer investigations. 

This emphasizes the need for rational methods and sensitive instrumenta

tions to reduce the high costs of performing tracer simulation studies on 

waste dispersion. 

Sometimes the dispersion pattern following a continuous discharge of 

waste water is of less significance to the pollution problem than the overall 

water circulation of the receiving area. This is usually the case for confined 

water bodies with reduced communication with the open sea, such as fjords 

and many types of archipelagos. For such environments the background 

pollution level built up by the waste water discharge may be the factor 

which limits the receiving capacity of the water body. Hence, considerable 

emphasis must be given to studies on the external as well as the internal cir

culation of confined water bodies exposed to waste discharge. This particu

lar problem will be discussed in the next section. 

CIRCULATION IN CONFINED WATER BODIES 

The circulation in confined bodies of water, as in fjords and embayments, 

is usually very complex and built up by various types of basic currents. It is 

essential when dealing with water quality problems to understand these 

transport mechanisms and how the water body considered communicates 

with the open sea. A classical example of such large scale circulation is the 

outflow of high salinity water from the Mediterranean through the Straits of 

Gibraltar. The heavy underflow is compensated for by a surface flow of less 

saline water entering from the Atlantic. A similar process is observed for 

the Baltic Sea; however, in this case precipitation exceeds evaporation and a 

saline underflow enters the Baltic Sea. The brackish outflow of water 

through the sound between Denmark and Sweden - the Baltic Current -

sweeps along the Swedish west coast due to the Coriolis force. This current 

has been of considerable interest when major future waste disposal projects 

in these areas have been discussed. 
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For the purpose of this study let us look at the circulatbn of a confined 
water body which communicates with the open sea through a narrow strait, 
see Fig. 7. Fresh water is discharged into the interior of the water area. The 

A qi 
---~=--==-=,......,-=---=:s=--= ...... --==---=-=---=-=-=-"'==,.......-=-=--==-"'= h, p _q2,v2 

--·--·--·--·--·--q.,v. 
h1 (mean depth) P+t:,.P 

Fig. 7. - Section through a confined water body communicating with the open sea. 

result is a density stratified system with a typical circulation pattern - out
flowing brackish surface water, the loss of salt in the confined water area 
being compensated for by a subsurface inflow of salt water. This exchange 
mechanism is affected not only by the flow-through of fresh water, but also 
significantly by tidal activity. Furthermore, the circulation of the closed ba
sin is driven by heating from the atmosphere and considerably by the wind 
stress. We will find that the vertical mixing between the brackish surface 
water and the salt bottom water is a process which contributes efficiently to 
the mechanism of external exchange of water. A characteristic feature of 
turbulent shear flow is the transport of energy from mean i:notion to turbu
lent motion. For the case of a homog~neous flow, this energy is dissipated 
by viscosity only, whereas in the stably stratified case, part of the turbulence 
energy is converted into potential energy by means of vertical diffusion. To 
maintain the turbulent structure of the flow, the rate of energy input must 
exceed the rate at which potential work is done by turbulent diffusion. In 
terms of the local Richardson number, Ri, characterizing the dynamic sta
bility of stratified flow, we then have: 

Ri = ! ::!(;~) 2 < ::z (35) 

where Emz and Esz are momentum and mass diffusivities respectively. 
Small values of Ri indicate increase of turbulence whereas a large value in
dicates suppression of vertical diffusion and high dynamic stability. 

From experimental studies we know that vertical mixing occurs in a 
two-layered system at a certain velocity difference between the layers. If the 
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parameter (), first proposed by Keulegan, see lppen (1966),20 exceeds acer

tain critical value the interface will be stable. 

/j,p 
V p g 

o = u3 (36) 

vis the kinematic viscosity, and fj,p and U are a characteristic density dif

ference and velocity of the interface. () is essentially a Richardson number. 

If there is a pronounced interface between the two layers, the mass ex

change depends on the tendency of small disturbances at the interface to be 

damped or amplified. This is theoretically deduced as well as verified in the 

laboratory. As a matter of fact, most of our knowledge on stratified flow has 

been gained from experiments in small laboratory flumes. There are two 

reasons why it is so difficult to apply laboratory test results to ocean condi

tions. First, we cannot be quite sure that empirical interfacial data of stabil

ity and mixing do not suffer from scale effects. Second, the bulk hydrody

namic parameters which are easily controlled in the laboratory are not as 

readily evaluated in the field. Furthermore, few field experiments on vertical 

diffusion have related the data to the complete set of relevant environmental 

conditions such as hydrographical parameters and wind and wave character

istics. Hence, a proper prediction of vertical mass exchange in a receiving 

water area, essential in many water pollution studies, is a very difficult task. 

A major input of energy into a coastal water area is due to wind action. 

The rate at which energy is transferred from the wind to the water body de

pends on both normal and tangential stresses. It is convenient to introduce. 

an apparent shear stress, Ta , at the water surface: 

r _ aw 
a - EaPa az {37) 

where Pa is the density of the air, Ea is the eddy viscosity of the air and 

W is the wind velocity. Assuming a rough water surface - waves are devel

oping - we get the following well-known velocity profile: 

W tJ 30z n z 
- = 2.5 x.n - = 2.5 .c,n -
w* k z0 

(38) 

k is an equivalent roughness and z0 a roughness parameter related to the 

average wave height. For moderate and strong winds, z0 is assumed to have 

a constant value Of about 0.6 cm. w* is the shear velo~ity -~ ,~· 
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If W 10 is the mean wind speed at the 10 m level and t is a resistance 
coefficient, we can write:-

T a = t . Pa . w210 (39) 

Combining Eqs. (38) and (39) we get t = ·2.9 · 10-3
• A number of writers 

have reported values close to 2.6 · 10-3 
• If u. is the shear velocity at the 

water surface defined by _ {r;; where Pw is the density of the water and l' Pw 
T w the shear we arrive at: 

(40) 

(41) 

u. and if we put Pa = 1.3 kg/m3 we find that is apprqximately 3 .6%. w. 
This value is somewhat higher but fairly close to observed relations between 
wind velocity and induced wind drift at the water surface. The rate at which 
energy is transferred to the water body per unit surface area is then 

u. 
P =r ·W·-w a w. 

(42) 

The generation of wind induced currents is closely related to the mechanism 
of wave generation and a considerable fraction of the energy input by wind 
a~tion is diverted to wave motion. In deep water the waves produce very lit
tle turbulence except when breaking. In shallow waters, however, and, spe
cifically in the breaking zone close to the shore, there is a considerabls pro
quction of turbulence. It -is, however, the turbulence that penetrates into 
deeper waters that causes vertical mass transport and hence it is the wind
induced currents and not the wave action that· is the main factor contribut
ing to vertical diffusion in the sea .. 

Let us take an example. Referring to Fig. 7, the following values of the 
variables represent the situation of the inner archipelago of Stockholm. 1 

A = 11 0 Mm2 q1 = 170 m3/s 
h1 = 10 m q2 = 370 m3/s 
h? = 7 m 

6.p = 2.5 kg/m3 

qa = 200 m3/s 
v2 = 0.10 mis 
Va = 0.15 m/s 

•From an investigation by Vattenbyggnadsbyron· (VBB), Stockholm, for a planned atomic power plant at V3.rtan. 
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The required vertical mass transfer to maintain the circulation of this sys

tem corresponds to the following potential work per time unit 

(43) 

For this particular case Pp amounts to 24,500 Nm/s. Assuming an efficient 

wind velocity of 4 mis, P w is the order of 106 Nm/s. The inflows q1 and q3 

may be neglected as to their contribution of energy being just a fraction of 

the required rate Pp· Hence, it is the wind induced energy which maintains 

the circulation of tlie water body. 

Measurements in this archipelago have confirmed that the upper layer 

'erodes' the lower layer. The mass transport is essentially a one-way trans

port - saline bottom water is brought up to the more turbulent surface lay

er while the salinity of the bottom water remains fairly constant throughout 

the depth. A planned atomic power station to be located here will take bot

tom water - 10 m3/s - for cooling purposes and discharge the heated con

denser water in such a way that it will be submerged below the interface. 

Hence, recirculation of cooling water can be avoided as long as the mecha

nism of vertical transport just outlined can be maintained. During some 

winter months ice covers the water surface and there is no input of energy 

from wind action. The vertical transport of salt water into the surface layer 

is then considerably reduced and recirculation of heated condenser water is 

difficult to avoid. This indicates that an alternative intake arrangement for 

surface water is favourable during winter time. 

For water pollution control of a confined water area exposed to waste dis

posal, we have to rely on some model of the water circulation. Most theories 

proposed for estuarine mixing are based on the one-dimensional concept. 

They assume a well-mixed region and do not consider the detailed mecha

nism of dispersion within the system, see Pritchard (1952),26 Waldichuk 

(1964).32 

The flushing mechanism of a partially mixed estuary may be analysed by 

means of a two-dimensional model, if the circulation and mixing is assumed 

to be governed by advection and vertical mixing between the surface layer 

and the bottom layer, but not significantly by longitudinal dispersion, Prit

chard (1969).27 

Let us consider the case of a three-dimensional, partially stratified, semi

enclosed coastal area. Suppose that there is an influx of fresh water to this 

water body causing pronounced salinity differences. Let Or denote the 

fresh water flow. If C0 
is the salinity of the sea water outside the bay, and C 

is the salinity at any point within the confined water area found from a sur

vey of salinity measurements, we can express the fresh water content by 
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(44) 

Hence, at that particular time the total volume of fresh water, Vf, present 
in the body of water considered, V, is found to be: 

vf = / CrdV (45) 

V 

The mean residence time, T, related to the flow-through of fresh water is 
given by: 

Vf 
T = 

OF (46) 

If a pollutant is introduced into the system in the same way as the fresh wa-· 
ter, then T is a good estimate of the detention time for this particular waste 
discharge. This situation, however, is not always the case, and we must have 
other methods to evaluate the dispersion within the region and the external 
water exchange. Let us first assume that there is a significant and well-de
fined flow through the free connection with the open sea exhibiting a period
ical response to tidal activity. This condition is satisfied if the passage is re
latively narrow as in the case of a fjord. Considering the characteristics of 
the alternating flow pattern through the passage, we may estimate an overall 
flushing rate of the confined water body which is not restricted to the fresh 
water. 

The flow entering the water area has initial spread characteristics similar 
to a plane jet. The distance to which the incoming water will reach increases 
with some defined flushing time t as at 213 where a is a coefficient related 
primarily to the flow conditions at the passage. The water leaving the em
bayment, on the other hand, is flowing towards a sink and consequently the 
expansion of the withdrawal zone follows flt 112 

where 13 is a coefficient 
which can be derived from initial flow conditions similar to a . 

An exchange factor r' may be defined as: 

. fJ -116 !). V 
r' = (I -- t ) -a V (47) 

where !). V is the nominal exchange ratio generally used· in flushing theoV 
ries relating the change of volume due to tidal activity to the efficient flush
ing volume of the water body .. The same reasoning applies to the flow enter-
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ing and leaving the open sea and, similar to Eq. (47), we may define ex

change factors r''. 

Now, assume that flushing of the surface layer in a particular water body 

is due not only to tidal activity but also significantly to erratic meteorologi

cal surges of the system, see Fig. 8. The net water exchange following a se-

V 

6 

t 

Confined 
water body 

Open sea 

Fig. 8. - Flushing model of the confined ,vater body related to the flow pallern of the 

free connection with the open sea, Eqs. (41 )-(42). 

ries of water level fluctuations is then described statistically as a first order 

model by 

V · [r't.3 + r:3.5 + r5.7 + · · · · · (48) 

assuming that flushing is the only significant mechanism contributing to wa

ter exchange. We may write the _exchange factors as: 

ri-3 = 

(49) 

~Approprintc v.-1lucs of the assumed constants~a, b, n and m may be obtained fro~ tracer field cx

pcrimcnls, preferably by use of drougcs or driftcards released at the cross-section of the passage. 

) 
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Let us now consider an embayment with a broad communication with the 
open sea. In this case, the flushing effect probably does not contribute more 
to ~ater circulation and exchange than the wind. Furthermore, the disper
sive characteristics may differ considerably from site to site within the em
bayment. A straight-forward approach for study of the water cir.culation o( 
the surface layer would be in-situ tracer experiments in order to simulate 
the processes of dispersion. Let us however, discuss the feasibility of a 
mathematical model for predicting the dispersive properties. 

In recent years several methods have been developed for tidal computa
tion in coastal waters, Dronkers (1969)10 and Leendertse (1967).24 "These 
numerical schemes account for the effect of bottom friction but neglect vis
cosity effects in the lateral direction which unfortunately very often is a sig
nificant feature of two-dimensional dispersion (separation effects). Let us 
assume that the dispersion of the surface layer may be properly studied by 
means of a two-dimensional model. We may then write the equation for 
conservation of mass as follows: 

- + - (uc) + - (vc) = - E - + - E -ac a a a ( ac) a t ac) at OX ay ax X ax ay Y ay '(50) 

where c is the concentration of a conservative tracer. In finite-difference 
form we get: 

C·· (t + 6t) -C·· (t ) 
lj O lj O + 

6t 

=e .. 
Xlj 

C·+l · -2C•· + C· 1 · 1 ,J lJ 1- ,J 

6x2 

C··+1-2C•·+C•· I + 1,J 1,J l,J-
Eyij 

6y2 
(5 I) 

or in matrix form 

[ai/t0 )] [cij(t0 )] +[b/t0 )] [cij(t0 )]~cijCt0 +6t) (52) 

The matrices [ aij J and [ bij J account for the combined effect of 

advection and diffusion in x- and y-direction respectively. The step from 
Eq. (50) to (52) means that we have laid out on the region considered a rec
tangular array of spatial points and specified the values of the variables at 
the points of the rectangular grid .. Furthermore, we have to denote proper 

I 
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boundary conditions and, above all, we have to consider the three dimen

sional nature of the circulation. In most coastal areas of the kind we are dis

cussing here, we find that the bottom layer has a fairly constant salinity. The 

mean depth of the surface layer does not vary much, although internal 

seiches give rise to temporary displacements of the interface. Hence, in 

those cases the two-dimensional model may be accepted as an engineering 

approximation. If the salinity is chosen as the tracer material - which is 

very convenient, provided that there are pronounced variations of salinity 

within the area - then we have to account for the vertical transport of salt 

water. Assume a one-way transport from the lower layer of salinity c0 to the 

upper layer, we then get: 

(53) 

c-Jt + b.t) IJ' 0 

Furthermore, we assume that there are a certain number of environ
mental conditions that from a statistical point of view are relevant for des

cribing the circulation of the system. Hence, we are searching for a set of 

solutions controlled by the values of the environmental parameters - wind, 

fresh water outflow, etc. Our principal interest is in the steady state solutions 

because they are unique and not affected by initial conditions such as salinity 
' distributions which implies an· uncontrolled dynamic effect. Hence, to rep-

resent a particular grouping of environmental parameters we may write: 

If the velocity field and the tracer distribution are measured, Eq. (54) may 

be solved for the unknown vertical mass transfer velocities expressed by 

matrix [ dij ]provided that appropriate values of the eddy diffusivities are 

selected. Hence, the full set of matrices [ aij J , [ bij J and [ dij J character

izing the dispersion of the surface water can be calculated. To summarize, 

we have proposed an analytical dispersion model overlying an empirical 

flow model. We could also have included as a third step a reaction model 

which delays substances, generates reactions between substances, and simu

lates sources and sinks. It is obvious, however, that an analytical simulation 

technique as just outlined leads to extensive work even for a modern com

puter, and the field work implied is less significant. 
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TRACER SIMULATION OF DISPERSION 
The analytical approach for modeling of dispersion phenomena in coastal 

waters discussed in the previous section, meets with the difficulties arising 
from the general complexity of the circulation. Hence, tracer measurements 
performed in the field represent an important engineering technique to de
termine the dispersion properties of a receiving water area for the condi
tions that will prevail when, for instance, an outfall has been built. 

During the last twenty years the use of tracers has been very common. 
This is due to the development of very sensitive instrumentation for both 
laboratory and field investigations and furthermore, to the fact that many 
new tracers have appeared so that for each case one should be able to find 
the "ideal tracer". 

Definition of a tracer is scarcely possible without taking into account the 
actual purpose of its use. Almost every substance could in one connection or 
another be regarded as a useful tracer. For more conventional use, however, 
we can choose between radioactive isotopes or fluorescent dyes. In most 
cases it is convenient to distinguish only between conservative and noncon
servative tracers. When the amount of tracer decreases with time, the tracer 
is non-conservative or decaying. Very often, rapidly decaying tracers are 
preferred to more conservative ones. For instance, the presence of the tracer 
may be wanted only for a short period of time. Use of a slowly decaying 
tracer then could give rise to undesirable effects of accumulation. 

The decay of tracers can normally be described by an exponential decay 
function e-kt where k is the_ decay parameter and t the time. The half-time 
t05 then equals: 

£n2 
to.5 = -k- (55) 

The decay parameter may be a constant characterizing the tracer in ques
tion, or it may be a function of light conditions, acidity and turbidity, etc. of 
the medium. In each case the decay parameter is well-defined only when 
these conditions are fully specified. 

For the study of dispersion in a receiving water, two properties are often 
of special interest: dilution, and residence time of a discharged pollutant. 
Residence time should be understood as the time after the discharge of the 
waste water element in question. These two properties are of great interest 
with reference to later consideration of e.g. ecological and hygienic conse
quences of a planned discharge of waste water. 
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The purpose of the field tracer simulation, regardless of the method used, 

is to reach a statistical description of the dispersion pattern. For reliable 

prediction we must be able to reproduce or account for the initial stage of 

mixing as well as the effect of gravitational spread, provided that this phe

nomenon is of significance. There are two major approaches for tracer re

lease - continuous injection during a certain period of time; and repeated, 

instantaneous injections covering the full range of environmental condi

tions. The most adequate simulation of a continuous waste discharge is cer

tainly attained by applying a continuous tracer release technique. Assume 

that the waste product which is to be traced may be characterized by a de

cay parameter, k, corresponding to the most critical or most conservative 

component of the waste. Then a continuous injection of a tracer material 

with a decay parameter equal or close to k is the most straight-forward and 

most reliable approach. This situation is, however, very seldom possible. In 

order to simulate the continuous discharge of a conservative contaminant by 

means of a decaying tracer, the injection must be steadily reduced at a rate 

equal to the tracer decay. This restricts severely the length of the period of 

injection, especially when rapidly decaying radioactive isotopes are used, 

due to the fact that both the initial and final rates of tracer injection, for 

safety and practical reasons respectively, have to be neither too high nor too 

low. To overcome this difficulty a dual tracer technique may be applied. 

The method of parallel injection of tracers have been described else

where, Cederwall (1968), 7 Cederwall and Hansen, (1968),6 and just the 

principle will be outlined. To be used for a continuous, parallel injection 

two tracers are used which fulfill the following conditions: 

a) The two decay parameters must be well-defined. 

b) The two tracer substances must differ in at least one property, detect

able in low concentrations of the substance. 

Consider a decaying tracer with the decay parameter k continuously in

jected at a constant rate into a receiving water area. The concentration C(T) 

recorded at a certain point in the receiving water area at a time, T, after the 

start of the injection, can be considered as a sum of contributions from tra

cer elements released in succession at the point of tracer discharge. Then 

the concentration can be expressed by means of a frequency function, 

f(T- t), i.e. an age distribution with reference to time of release: 

T T 

C(T) =f f(T-t) · e -k(T-t)dt = f F(s) · e-ksds (56) 

0 0 
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Thus, for-a steady-state situation of the water circulation, f(t) is the impulse · 
function recorded from a 6•input at time t = 0. The frequency fu·nction is 
characterized by its moments,, µ.n , around the averaged value t - the 
mean residence time. · 

T 

µ.n = f (t-t) n f(t)dt 

0 

(57) 

where f(t) is assumed to be normalized, that is llo = I, µ.1 = 0 and µ.2 .,; o?
A residence time, T , is defined by the following equation: 

T 

C(T) = e-kr f f(T-t)dt = e-kr (58) 

0 

T is related to the frequency function f(t) and its moments, µ.n. For an arbi
trary function f(t) we can write C(T): 

T 

C(T) = e-kt f f(s) · e-k(s-t)ds = 

0 

T 00 

=e-kt 1·-f(s) L 
o n=O 

Hence, 

( -k)n (s-t) n 
n! 

- I 
T = t - 112 o2 k + 6 µ.3k2 

ds = (59) 

(60) 

For commonly used tracers and normal dispersive properties of the receiv
ing water T is very close to t, see Cederwall ( 1968). 7 

As~ume that the two tracers, I and 2, with decay parameters k and k2, 
are simultaneously and continuously released at a constant rate. A time par
ameter, T, is now defined by: 
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(61) 
C2 = C2 . e - k2 T 

where CI and c2 are the tracer concentrations at the measuring site, and C'1 
and c2 corresponding concentrations of the tracers assumed conservative. 
c 1 · q 1 and c2 · q, are the rates of tracer injections. Then the following 
equation holds: 

and, 

C' I = 
c' 2 

T = (k, -k2r1 -in C2 CJ q, 
C1 c2 q2 

where Rand a have constant values. 

T R:: t - 1/2 o2 (k, + k2) R:: t 

(62) 

(63) 
a 

(64) 

Consequently, a T value may be determined for each site in the receiving 
water where tracers are found in measurable concentrations. Thus a dual 
tracer technique makes possible the simultaneous registration of concentra
tion distributions and residence time in a receiving water area. This method 
is useful not only for dispersion stud ies but also for determination of water 
exchange, since the residence time is evaluated and the time of injection is 
not limited. A case report from and investigation in Byfjorden on the west 
coast of Sweden using the radioactive tracer Bromine-82 and the fluorescent 
tracer Pontacyl Brilliant Pink has been reported by Cederwall and Hansen 
(1968).6 

instead of using a continuous release method, it is often possible to carry 
out spread tests by means of instantaneous injections of the tracer. Provided 
that the pattern of c irculation is steady, the dispersion from a continuous 
source can be calculated by integration of the results obtained from a single 
injection. Each tracing then gives a quantitat ive determination of the 
spreading from the source for the environmental conditions that prevailed 
during that particular tracing. An adequate statistical description of pollu
tion from a future outfall must be based on the investigation of a sufficient 
number of situations representing those parameter combinations that are 
significant to the spreading pattern. If it is difficult to find a reasonable 
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number of such situations which, from a statistical point of view, represent 

the full picture of tracer dispersion, then the only realistic approach is 

long-term tests with continuous injection of a single tracer or, alternatively, 

a dual tracer injection. The theoretical background to the instantaneous 

injection technique as well as case reports have been described by 

Harremoes ( I 964, 16 196617) . 

Measurements of radioactive tracer concentrations in surface waters are 

usually carried out by means of scintillation detectors connected to a count

ing system. The standard field procedure is to use submerged units measur

ing the in-situ concentration, although the impulse is averaged over a small 

volume surrounding the detector. The standard instrument for fluorescence 

measurements is the fluorometer. For field application the Turner Fluoro

meter, Type III, provided with a continuous flow cuvette has been exten

sively used. This measuring technique does not, however, provide instanta

neous recording of the concentration, and furthermore, during the passage 

of the tube, the concentration is affected by dispersion . Hence, sharp tracer 

boundaries and gradients of the receiving water are not properly recorded. 

To eliminate this difficulty Kullenberg ( 1968)22 developed an in-situ mea

suring fluorometer. The instrument, see Fig. 9, consists of two photo-multi

pliers, a depth sensing unit, and a lamphouse with a mercury lamp which 

irradiates horizontally the water below one of the photomultipliers which 

therefore senses both the daylight and the fluorescence of the dye. The other 

photo-multiplier is unaffected by the fluorescence of the dye and only senses 

Fig. 9. - In-situ measuring f/11oro111eter. 
A, B phoro-multiplier units 
D m ercury lamp house 
C depth i11dicaror 1111it 
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the daylight. Thus, the effect of the daylight may be eliminated. The instru
ment has proved reliable during measurements. 

The injection technique is a very important element of a tracer investiga
tion. To improve standard methods of tracer release, an instrumentation 
system has been developed by the Danish Isotope Centre in collaboration 
with the author, designed ·primarily for the dual tracer technique but provid
ing for a number of facilities for work in this field. 

The "DIC Injector System", see Fig. 10, consists of a pump unit and a 
control unit. The pump unit contains two separate pump systems. One of 
the pumps, the feed pump, is running at a constant speed and thus provides 
an injector for a non-decaying tracer. The other pump, the activity"pump, is 
running at a speed which is variable and governed by the control unit. Its 
speed is measured by means of a tachometer generator. Both pumps are 
peristaltic pumps with separate inlets but a common outlet. In the pump 
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- Feed- l 
water Feed pump .--- - GM-Detector -- Measurement 11 .... chamber 

Radio 
activity Activity t 

Outl 
pump 

et 

- Activity 
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Motor 
control 

~ Servo drive 
( 

~ 12v DC supply 

Fig. JO. - DIC injector system schematic. 
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unit, the radioactive concentration of the outlet is measured by means of a 
GM-detector. As the pump capacity of the feed pump is larger compared to 
that of the activity pump, the outlet flow will remain constant with time, and 
the signal from the GM-detector is thus a measure of the activity flow rate, 
e.g millicuries per hour of the radioactive tracer. The inlet and outlet of 
each pump are accessible, so that each pump can be operated separately. 
The control unit is a fully transistorized servo-unit, which ensures proper 
operation of the pump systems. Either the activity pump speed or the activi
ty flow rate can be selected at the start of an investigation, and the control 
unit will insure that the chosen operation conditions does not change during 
the investigation. 

The system is capable of injecting constant activity in the range: 

4 me/hour - 400 me/hour of Bromine-82 (Br-82). 
Manually operated the system can control activity flow rates down to 
0.4 me/hour of Br-82. 

SUMMARY 
Some approaches have been outlined for prediction of waste dispersion in 

coastal environments associated with sewage disposal and heat emission. It 
should be emphasized that a water pollution study represents an integral 
part of a broad engineering analysis of a particular environmental problem. 
Like most hydrological questions, water quality planning is very much in
terdisciplinary in nature. 

The dispersive prope~ties of the receiving water area are studied primari
ly to control hygienic and aesthetic harm_ to the environment, but also to 
control possible ecological disturbances and modifications. An important 
part of the overall analysis is the economical feasibility tests of various al
ternative projects which include benefit-cost studies of the water area con
sidered. The complexity of the problem stresses the need for highly system
atized methods of evaluation throughout the analysis. 

The electronic computer has had a profound impact on water resources 
planning and it is now, and will be still more in the future, an indispensable 
tool for the engineer working in this field. However, the ability to make ex
tensive calculations must correspond to an equivalent capacity in forming 
useful models and hypotheses. In this development towards an operational 
type of water quality management, we will find both purely theoretical and 
semi-empirical approaches for modeling of flow phenomena extremely valu
able. 
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