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STRATIFIED FLOW 
BY DONALD R. F. HARLEMAN* 

(PreseJtted as one of the John R. Freeman Lecture.; an Fundamental Hydraulic Processes in Water 
Resources Engineering, Boston Society of Civil J,;ngineers, Fall, I 963.) 

I. INTRODUCTION 

Fluid motions in a gravitational field which are originated or influ
enced by variations in density within the fluid are characterized by the 
term stratified flow. In a strict interpretation all free surface liquid 
motions are stratified flows in the sense that the lower fluid (e.g., water) 
is overlain by a lighter fluid which is the earth's atmosphere. In this 
case the difference in fluid densities is so large ( 1 to 800) that the 
density and therefore the inertia effects of the upper fluid can be neg
lected in comparison with that of the lower. Hence, such problems are 
reduced to the analysis of a single homogeneous fluid under the category 
of free surface flow. In conventional usage the term stratified flow 
refers to motions involving fluid masses of the same phase. A heavier 
liquid flowing beneath a lighter liquid, or a heavier gas moving under 
a lighter gas, will be subject to gravitational effects which depend 
upon the difference between the two specific weights. The less dense 
fluid may then be regarded as if it were weightless and the more 
dense as if it were subjected to a reduced gravitational acceleration 

g(p2 -p1)/p2 =~, wherein the ratio l1y/p2 represents the effective 
p2 

gravitational acceleration which may vary from the limit g to zero. 
Nature has been generous in providing mechanisms for bringing 

about changes in temperature and for providing solutions of dissolved 
solids and solid particle suspensions which give rise to variations in 
density and therefore specific weight. Many of the familiar meteoro
logical phenomena, the motion of "cold fronts" in particular, are mani
festations of stratified flow. In parallel with atmospheric phenomena, 
the mechanism of the vast ocean currents owes much of its complexity 
to the existence of stratified flows. In the realm of control and utiliza
tion of surface waters, broadly characterized by the field of water 
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resources engineering, the internal motions in reservoirs due to tempera
ture and the inflow of sediment laden streams and the understanding 
and control of salinity intrusion in tidal estuaries are among the most 
challenging of present day problems dealing with stratified flow. 

There is little to be gained by an attempted enumeration of all of 
the possible natural phenomena in which the mechanics of stratified 
flow are involved. Many investigations have been directed toward 
analyses of highly specialized problems and their discussion is pre
cluded by the space allotted to this topic. The emphasis will therefore 
be placed on some of the fundamental mechanics of stratified flow and 
on the presentation of certain applications to technological problems. 
A more complete summary of stratified flow has been given by 
Harleman ( 1) . 

For convenience of discussion, the subject matter may be divided 
into three broad categories: 

1. Two-layer systems. Such systems are the simplest to treat 
analytically and in many cases they represent a reasonable approxima
tion to physical problems. 

2. Multi-layered systems and continuous density gradients. The 
more complex situation in which the fluid density varies continuously. 

3. Diffusion in stratified flow. In addition to the convective mo
tions associated with stratified flow, a non-convective or diffusive 
phenomena may be present when the flow is turbulent. 

It is not surprising that most of the developments have been cen
tered around the first of the three subdivisions. However, it is apparent 
that the state of knowledge in all three categories is expanding rapidly. 

In the analysis of stratif1e<l flow, the fluids (whether liquid or 
gaseous) are considered as incompressible because of the inherently 
small magnitude of the velocities. The density differences are therefore 
due to temperature gradients, variations in solute concentrations or 
variations in suspended solid concentrations, and are independent of 
the pressure intensity and the elastic properties of the fluid. 

II. Two-LAYER SYSTEMS 

Two-layer systems represent the simplest case of a stratified flow. 
In a stable flow the denser fluid always tends to occupy the lowest 
position; for purposes of analysis the interface is assumed to be a 
streamline separating the two fluids and coincident with the density 
discontinuity. The similarity with the familiar free surface flows can 



8 BOSTON SOCIETY OF CIVIL ENGINEERS 

be demonstrated by considering the two-layer system, shown in Fig. 1, 
which might represent the downflow of cold air in a mountainous 
region or the spilling of salt water over a submerged barrier in an 
,estuary. If both upper and lower fluids are assumed to be non-viscous, 
the interface also represents a discontinuity in velocity between the 
moving, lower layer and the stationary upper layer. For the moving, 
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lower layer fluid, between points a and b, on the interface the energy 
equation is: 

Ua
2 

Ub
2 

pa+p2--+p2gza.=pb+P'/.--+p2gZb (1) 
2 2 

For the static upper layer, between the same interfacial points, 

P• + Pl g Za = Pb + Pl g Zb (2) 

Since the pressures are continuous across the interface, they may 
be eliminated from Eq. ( 1) by the above equation. 

If, H = Za - Zb and 1'1p = p2 - p1, then: 

Ub
2 

- Ua2 /1p 
---=--gH 

2 P2 
(3) 

For the case in which the lower fluid is a liquid and the upper fluid 
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is air, /Jp :::::'. p2, and Eq. (3) becomes identical with the free surface 
equation for flow over a weir. Therefore, as stated in the introduction, 
the lower layer fluid may be considered as an analogous free surface 

~ 
flow if the gravitational acceleration is reduced by the factor _P __ :For 

p2 

convenience, the reduced gravitational acceleration will be designated 

by a prime, g ~ = g'. It follows that the Froude number remains as 
P2 

the primary similitude parameter for the subsurface flows. In the gen
eralized form it is called the densimetric Froude number and may be 
written as 

F'= __ u_ 
ygz 

(4) 

The foregoing presentation, in emphasizing the similarity with 
familiar free surface flows, represents an important simplification in 
analysis which is very often useful in rapidly estimating orders of 
magnitude for velocities or depths of stratified flows. Nevertheless, as 
in many fluid mechanics problems, the effects of viscosity cannot always 
be ignored if more accurate answers are to be obtained. The differences 
between stratified and free surface flows therefore become important. 
For example, in st.ratified flows, resistance at the fluid interface in addi
tion to that at the fixed boundaries must be considered since discon
tinuities in velocity cannot exist at an interface between real fluids. In 
the following subsections more detailed analyses of the mechanics of 
two-layer systems are presented. 

2.1 Uniform Flow in Two-Layer Systems 

A steady, uniform flow of a lower layer fluid will occur along an 
incline when the driving gravity force per unit area ( due to the density 
difference between the two fluids) is in equilibrium with the shear 
stresses exerted by the fixed boundary and the moving interfacial 
boundary. These flows have been referred to by various names; density 
currents, gravity currents and underflows. Gravity currents, due to 
temperature differences have been observed in the T.V.A. system (2) 
where velocities of the widerflow ranging from 0.15 to 0.35 ft./sec. 
have been measured. Numerous instances are known of the passage of 
underflows in reservoirs ( 3) where the density difference is due to 
suspended sediment. 
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If the depth of the upper fluid is assumed to be large compared to 
that of the lower fluid, the induced velocities in the upper layer may be 
neglected. The flow is shown schematically in Fig. 2. For two-dimen
sional flow ( at a distance far enough from the origin of the current so 

P. 

Ut 
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lJ. ----
that the velocity distribution is fully developed) the equilibrium 
equation is 

(5) 

Under the assumption that the interface is smooth and distinct, use 
may be made of an analogy with flow between parallel boundaries in 
which the lower boundary is stationary and the upper boundary (inter
face) has a velocity Ui. The shear stress varies linearly from -ro at the 
bottom, to zero at the point of maximum velocity, to tr at the interface. 
Letting 't'i = m:o, the interfacial shear stress is a constant proportion of 
the bottom shear and depends only on the vertical location of the 
maximum velocity. In the notation of the shear distribution shown in 
Fig. 3 
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1 - 2 Zm/h2 a. = ---=---
1 + 2 z.n/h2 

Eliminating -r,, Eq. ( 5) may be written, 

'To = /ipg ( h2 ) S 
l + a 

11 

' 

( 6) 

(7) 

The shear stress to may also be expressed in terms of the friction 
factor f: 

f u:2 
"tn= - p2-

4 2 
(8) 

Equa.ting ( 7) and ( 8) and solving for u, the average velocity of the 
lower layer becomes; 

( 9) 

Equation ( 9) is a generalized form of the uniform flow equation for 
open channels. For two-dimensional free surface flow, g = g', a = 0 
and h2 = Ra, hence, the Chezy equation 

u = C y RHS (10) 

is obtained as a special case of Eq. ( 9). 
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a. Laminar Flow 

For the case of laminar flow, the shear stress ratio can be found 
and the variation of the friction factor f with the Reynolds number can 
be determined analytically as shown by Ippen and Harleman ( 4) and 
(5). Eq. (9) can then be written as, 

u = 0.375 R21t2 (g'h2S) 112 (11) 

where R2 is the Reynolds number defined by R2 = uh2/ v. 

Eq. ( 11) has been verified experimentally ( 4) for Reynolds numbers 
up to 1000 which can be regarded as the lower critical value for tur
bulent flow. 

b. Turbulent Fl<Jw 

In common with most turbulent resistance problems, the unifonn 
underA.ow in turbulent motion is not subject to exact analysis. In addi
tion, experimental observations are relatively meager and due to the 
difficulties of field measurements are largely confined to laboratory 
flumes. Eq. (9) provides a method of estimating orders of magnitude 
for velocities in turbulent flows. For two-dimensional flows the factor 
(l + a) represents the amount by which the resistance coefficient, f, is 
increased by the presence of the interface, since ct = 0 for free surface 
flows. By analogy with the corresponding free surface flow, f may be 
obtained from the resistance diagram for flow in conduits (Moody 
diagram) using 4h2 as the hydra ulic radius. The value of f thus ob
tained is to be increased by the factor ( 1 + a). Experimental velocity 
distributions by Bata and Bogich ( 6) in the lower layer turbulent flow 
indicate that, on the average, the maximum velocity occurs at 0. 7 h2 
and therefore n = 0.43 for turbulent flow. No systematic variation with 
Reynolds numbers was observed. 

Any attempt to refine the analysis for turbulent flows is hindered 
by the fact that, as the degree of turbulence increases, the interface 
becomes increasingly difficult to define due to mixing and resulting 
density gradients. 

c. Sediment Transportati-On by Gravity Cu"ents 

Reservoir underflows or density currents are caused by sediment
laden river water entering a lake as shown in Fig. 4. The conditions at 
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the so-called plunge point, where the river inflow disappears beneath 
the surface, are difficult to define due to the intense local mixing. The 
inflow becomes diluted and the rapid reduction of velocities near the 
entrance is responsible for the deposition of the larger sediment parti
cles and the formation of delta areas. Studies of gravity currents in 
reservoirs have shown that they consist primarily of particles in sus
pension less than 20 microns in diameter. The settling rate for particles 
of this diameter is approximately 0.001 ft./sec. Thus, turbulent fluc
tuations of the order of 1 % in a current having a mean velocity of only 
0.1 ft./sec. would be sufficient to keep such particles in suspension. 
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Lake Mead surveys (3) have indicated the existence of under
flows with a density difference as small as /'t,.p/p = 0.0005. If the aver
age bottom slope is taken as 5 feet per mile (S = 0.0009) and measure
ments indicate a depth of 15 feet for the moving current, the order of 
magnitude of the underflow velocity can be obtained from Eq. (9). 

Example: 
Assume f = 0.010 and u = 0.43 for turbulent flow. Eq. (9) 

_ _/ 8(0.0005) (32.2) ( 15)(0.0009) 
u = l ---- - ------- = 0.35 ft./sec. The Reynolds 

0.010 (1.43) 

number, for two-dimensional flow, is therefore 

ill12 = S X 10° 
V 

The friction factor f for this Reynolds number is within 10% of the 
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assumed value and a further refinement of the calculation is not war
ranted. The computed velocity of 0.35 ft./sec. (6 miles per day) is 
consistent with actual measurements in Lake Mead. 

The percent concentration of the sediment (by weight) , P , is 
related to the density difference as follows, 

_!_ = ~ . 1 
100 p 

where sr and Si. are the specific gravities of the water and sediment 
respectively. For the above conditions P = 0.08% and the sediment 
discharge per unit width is, 

q. = O.OB (0.35) 15 = 0.004 cfs/ ft. 
100 

which is equivalent to a sediment transport rate of 30 tons per day per 
foot of width of the underflow. 

2 .2 Non-Uniform Flow 

A number of examples of the analysis of non-uniform motion in a 
two-layer system are discussed in reference ( 1) together with biblio
graphica.l sources. Space does not pennit derivation of specific equa
tions, however, Figs. S and 6 illustrate two interesting problems in this 
category. 

Fig. 5 shows the arrested saline wedge near the ocean entrance of 

U 1· 

P. 
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0 
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a fresh water channel. Keulegan ( 7) has investigated the equilibrium 
position of the salt water wedge in laboratory flumes. The wedge type 
of salinity intrusion is relatively uncommon in actual estuaries. In most 
cases there is a longitudinal oscillation of the wedge due to tidal motion 
in the ocean which is sufficient to cause vertical mixing. This invalidates 
the assumption of a two-layer system and both horizontal and vertical 
diffusion must be considered. The saline wedge near the mouth of the 
Mississippi River probably comes closest to satisfying the conditions 
shown in Fig. 5. 

Yih and Guha (8) have analyzed the hydraulic jump in a two-layer 
system. Both normal and inverted forms of the jump are possible, as 
shown in Fig. 6. The form of the jump depends on the relative initial 

t 
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., 
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A 
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depth and the layer which is in motion. The equations are identical 
with the free surface counterpart except for the use of the densimetric 
Froude number. 

2 .3 Internal Wave Motion 

In a two-layer system of fluid of different density, waves at the 
interface are known as internal waves. Much of the basic theory was 
developed before 1900 (beginning with the work of Stokes in 184 7) 
and represents the first analytical approach to problems of stratified 
flow. A number of examples of oscillatory and solitary internal wave 
motions are discussed in reference ( 1). One of the interesting problems 
in the category of unsteady, non-uniform flow in a two-layer system is 
the motion following the removal of a vertical dividing wall separating 
liquids of different densities, as shown in Fig. 7. In the case of a channel 
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of uniform width ( such as a lock between fresh and salt water) the 
initial velocity of the lower interface is 

u = 0.45 v' g' h (12) 

For surges arising from a tideless sea and entering a rectangular chan
nel with the water initially at rest, the numerical constant in Eq. (12) 
was found by Keulegan (9) to be 0.57. 

2.4 Interfac-ial Mixing 

The development of internal wave motion contributes to internal 
mixing in stratified fluids through the mechanism of breaking of the 
internal waves. From dimensional reasoning a stability parameter has 
been defined, 

(13) 

where u2 is the velocity of the lower layer relative to the upper layer. 
For a two-dimensional flow, with h2 taken as the characteristic length 
in the Reynolds number, the stability parameter is readily transformed 
into 

8=--1 _ _ 
(F2') 2 Rz 

(14) 
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On the basis of experiments at :M.I.T. ( 4) and the Bureau of Standards 
( 10), the critical values of 0 arc as follows: 

laminar flow (lower layer) 

turbulent flow (lower layer) 

1 
0e= - 

R2 

Oc = 0.18. 

~o mixing should occur for flows with 8 values greater than 0c, The 
transition to turbulent flow begins at a Reynolds number of approxi
mately I 000 in the tests cited above. 

An observer of the process of interfacial mixing is impressed by the 
extreme stability exhibited by adjacent layers with density differences 
as small as a few tenths of a percent. Even after the interfacial waves 
have begun to break, the amount of lower layer fluid entrained in the 
upper layer is relatively small. Ultimately this type of mixing process 
tends to form a new layer with a density intermediate to that of the 
original layers. In this way a three-layered system is produced. In all of 
the foregoing it is assumed that the heavier fluid is beneath the lighter 
inasmuch as the reverse case is unstable under all conditions. 

2.5 Selecti:ve Withdrawal of Fluid 

The ability to selectively withdraw fluid from a region in which the 
fluid density varies in the vertical direction has been brought about by 
an understanding of the mechanics of stratified fl.ow. Density differ
ences may occur due to temperature differentials, suspended sediment, 
dissolved salts or other chemicals. Consequently, a large number of 
technological fields are finding applications for selective withdrawal or 
some degree of control of stratified fluids. 

Control structures are in use to provide cooler water at the con
denser intakes of thermal power plants located near sources of water 
which are stratified due to temperature differences. Lakes or artificial 
reservoirs are used as large heat exchangers for nuclear power plants 
making it necessary to design intakes to withdraw the low level cool 
water and to distribute the inflow of warm water near the surface. The 
reduction of reservoir sedimentation by removal, at the dam, of water 
containing large amounts of suspended sediment has been suggested as 
a means of prolonging the useful life of major structures. In the area of 
density variations due to dissolved salts, the control of salinity intru
sion by barriers and locks separating fresh water channels from an 
ocean or estuary may be mentioned. 
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A common feature of the applications described is the fact that in 
all cases the fluids are miscible, essentially incompressible, similar in 
viscosity and the density differences are small. 

Craya ( 11) has treated the withdrawal of fluid from a two-layer 
system with a horizontal intake located on a vertical boundary ( as in 
the case of the upstream face of a darn). The intake is located above 
the initially horizontal interface, Fig. 8(a). It is desired to determine 

Fm. 8.-SEI.ECTIVE 'WITHDRAWM. OF FI,uro FOR VAIUOUS BOUNDARY CoNOlTIOYS IN 
Two-LAYERED SYSTEMS. 

the fl.ow of the upper fluid necessary to raise the interface locally to the 
level of the intake at which time discharge from the lower layer begins. 
The efflux velocity at this critical condition is designated V~. Intakes in 
the form of horizontal line sinks and three-dimensional point sinks are 
considered for the case in which the vertical extent of both the upper 
and lower layers is unlimited. 

The critical efflux velocity equations for both the two- and three
dimensional conditions are shown in Fig. 8(a). It is assumed that the 
size of the slit or orifice is small in comparison with the height of the 
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opening above the original interface (z). The equations have been sub
stantiated by the experiments of Gariel (12) for the same boundary 
conditions. 

For the case in which the lower layer is limited in vertical extent, 
Harleman et al. ( 13) have investigated, analytically and experimen
tally, the efflux from a vertical circular intake in the bottom boundary, 
as shown in Fig. 8 (b). The maximum discharge ( from the lower layer) 
without simultaneous withdrawal from the upper layer is determined. 
In addition to the efflux equation given in Fig. 8 (b), the effect of 
reentrant intake geometries is discussed in the reference cited. 

In a brief exploratory study, Rouse (14) has given some experi
mental results for a vertical axis, circular intake pipe withdrawing the 
lighter of two stratified fluids from a point above the interface. Both 
fluids arc assumed to be of unlimited extent, as shown in Fig. 8 ( c). The 
efflux equation has been reduced to a form comparable to cases (a) and 
(b) of the same figure. 

Huber ( 1 S) has obtained an analytical solution for the steady, 
two-dimensional flow induced by a line sink located at the bottom 
corner of a rectangular channel in which two fluid strata ( of equal 
depth) extend to infinity in the -x direction, Fig. 8(d). If the fluids 
arc at rest the interface will be horizontal. As the strength of the sink 
is increased, the lower layer will start to flow until the interface is 
drawn down to the sink and the upper fluid begins to take part in the 
flow. The shape of the interface is determined by relaxation techniques. 
The critical densimetric .Froude number for which the upper layer is 
stationary is F2' = 1.66. As the /low from the slit is increased, the 
Froude number of the upper layer increases and that of the lower layer 
decreases. A point is reached, however, when this trend is changed and 
both discharges then increase together as the densimetric Froude num
bers approach equality. 

The efflux problem described above may be considered as a limit
ing case of a more general boundary configuration in ·which the vertical 
height of the slot is comparable to the depth of the lower layer. The 
boundary conditions shown in Fig. 9 have been investigated by Harle
man and Goda ( 16) in connection with the design of condenser water 
intakes for thermal power plants. It is desired to determine, for a given 
gate opening band interface elevation hr, the limiting discharge for the 
colder stratum of ,vater. Engineering applications of this type of con-
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trol structure have been described by Elder ( 17). The prevention of 
recirculation of heated condenser water, which has been discharged 
into a river, has also been investigated by Harleman and Garrison (18). 

h,. 

* 
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III. CoNTIKuous DENSITY GRADIENTS 

The state of knowledge in the case of multi-layered, stratified 
fluids and fluids with continuous density gradients is much less well 
developed than in the two-layer systems. One interesting aspect is the 
stiffening of the fluid against vertical displacements when a vertical 
density gradient is present. This can be shown to have applications to 
internal currents and circulation patterns in large bodies of water hav
ing a vertical temperature gradient. The stiffening phenomena can be 
demonstrated [Yih ( 19) J by considering very weak motions in a non
viscous fluid. For a steady flow, neglecting convective accelerations and 
viscosity, the Navier-Stokes equations [see Eagleson, Eq. (2.22)]* re
duce to the following: 

OP. = 0 
ox 
oP, = 0 
oy 

op + y=O oz 

(15) 
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The continuity equation [see Eagleson, Eq. ( 1.31)] * is: 

OP OP OP ( au av aw ) u--+v--+w--+p --+--+-- =O ax ay oz ox oy oz 

since the fluid is incompressible, 

OU + av +ow= O 
ox oy az 

and if the density gradient is confined to the vertical ( z) direction, 

hence, from Eq. ( 16), 

~ = ~ = 0 
ox oy 

op 
w--=O oz 

21 

(16) 

Since op - is not equal to zero, it follows that the vertical velocity oz 
component, 

w=O. 

Therefore, motion must be confined to the horizontal (x,y) plane, since, 

u#O 
v#O. 

Water withdrawn at the face of a dam in a reservoir having a vertical 
temperature distribution will therefore tend to come from a horizontal 
layer of restricted vertical extent. In a reservoir of homogeneous den~ 
sity, the water is withdrawn in essentially equal amounts from all 
depths. This has an important bearing on the quality of reservoir water 
releases. The above phenomenon has been demonstrated on a laboratory 
scale by Dehler ( 20) and in the field by studies at Fontana Dam ( 21). 

This condensed outline of some of the engineering implications of 
stratified flow has necessarily omitted many important references. In 
particular, the area of diffusion in stratified flow includes a wide range 
of technical problems including air pollution, ocean outfalls, pollution 
and salinity intrusion under conditions of mixing in tidal estuaries. 

~ Eagles.on~ P. E., :'Some Fundamental Concepts of Incompre;sible Fluid l\-1fchanic;:;/~ this Journal, 
January, 19 6;. 
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